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Abstract 

Based on ideas of W. M. Tulczyjew, a geometric framework for a frame-independent formu- 
lation of different problems in analytical mechanics is developed. In this approach affine bundles 
replace vector bundles of the standard description and functions are replaced by sections of certain 
afSne line bundles called AV-bundles. Categorial constructions for afhne and special afhne bun- 
dles as well as natural analogs of Lie algebroid structures on affine bundles (Lie affgebroids) are 
investigated. One discovers certain Lie algebroids and Lie affgebroids canonically associated with 
an AV-bundle which are closely related to affine analogs of Poisson and Jacobi structures. Homol- 
ogy and cohomology of the latter are canonically defined. The developed concepts are applied in 
solving some problems of frame-independent geometric description of mechanical systems. 
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1 Introduction 

While there is no doubts about the role of analytical mechanics in explaining many of problems in 
a variety of physical topics, it is worth stressing that classical mechanics is by no means passe. It is 
still an open theory with several challenges and with an influence on both: physics and mathematics. 
The standard formulation of analytical mechanics in the language of differential geometry is based on 
geometrical objects of vector character. The vector bundle TM of tangent vectors is used as a space of 
infinitesimal (dynamical) configurations, the vector bundle T*M of covectors plays the role of a phase 
space, and the Poisson bracket derived from the symplectic form serve in the Hamiltonian formulation 
of dynamics in which one uses the vector space (actually an algebra) of functions. However, there 
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are situations where one finds difficulties while working with vector-like objects. Here we list some 
examples. 

1 . As the first example we describe the problems in the relativistic mechanics of a charged particle 
in the external electromagnetic field. The standard lagrangian L is a function on the space 
of infinitesimal configurations TM: L{v) = —{eA^v) + m^J g{v, v), where A is the one-form 
representing the electromagnetic potential, m is the mass and e is the charge of the particle. The 
lagrangian depends on the gauge of the first type. An electromagnetic potential is a connection 
in the principal bundle with the structure group (M, +) over the space-time. To obtain the one- 
form representing the potential one has to choose a section of the bundle (gauge). Changes in 
the gauge lead to changes in the lagrangian. The gauge independent description is possible only 
when we use affine objects. 

2. The configuration space (the space of events) for the inhomogenous formulation of time-dependent 
mechanics is the space-time M fibrated over the time M. First-jets of this fibration form the 
infinitesimal configuration space. Since there is the distinguished vector field dt on K, the first- 
jets of the fibration over time can be identified with those vectors tangent to M which project on 
df Such vectors form an affine subbundle of the tangent bundle TM. The bundle V*M, dual to 
the bundle of vectors which are vertical with respect to the fibration over time, is the phase space 
for the problem. The phase space carries a canonical Poisson structure, but hamiltonian fields 
for this structure are vertical with respect to the projection on time, so they cannot describe 
the dynamics. In the standard formulation the distinguished vector field dt is added to the 
hamiltonian vector field to obtain the dynamics. This can be done correctly when the fibration 
over time is trivial, i.e. when M = Q x R. When the fibration is not trivial one has to choose a 
reference vector field that projects onto dt- Changing the reference vector field means changing 
the hamiltonian. To have the description of the dynamic being independent on the reference field 
one has to use affine objects. 

3. Let us look on energy and momentum in the most classical case of Newtonian mechanics. The 
Newtonian space-time is a four-dimensional affine space TV with an absolute time 1-form r S 
{\/{N))*, which is a linear function on the model vector space V(A^). The dynamics is usually 
described in a fixed inertial frame. The inertial frames are represented by vectors u S V(iV) 
such that t(u) — 1, i.e. u is the space-time velocity of an inertial observer associated with the 
inertial frame. The space of infinitesimal configurations, i.e. positions and velocities, is N x Ei, 
where Ei C V(iV) consists of vectors v satisfying t{v) = 1. Fixing an inertial frame u allows 
us to identify Ei with Eq = Ker{T) which is a vector subspace of V(7V). Therefore we can 
define momenta as elements of Eq — {\/{N))* /{t). The momentum transforms according to 
the formula p' ^ p + f{u,u') while changing the inertial frame. The transformation of energy 
is also affine, so we cannot describe the dynamics in the frame-independent way as long as we 
keep representing the momentum as a vector object. We need an affine object to replace the 
usual covector. We can say that the covector in this case carries too much structure and we need 
additional physical information (i.e. an inertial frame) to use it properly. But even in a fixed 
inertial frame the standard description is not satisfactory, because the identification of Ei with 
Eq at the very beginning leads to the use of a wrong Poisson structure to generate equations of 
motion from the hamiltonian. This is a situation similar to the previous example (cf. jGUIIKo] ). 

Of course, the above list of problems is not complete. Our aim is to develop the geometric framework 
for correct approaches. The standard geometric constructions based on the algebra of functions on 
a manifold M are replaced by constructions based on the affine space of sections of an affine bundle 
Z — !■ M, modelled on the trivial bundle M x R. Such an affine bundle we will call a bundle of affine 
values (AV-bundle in short). The elements of the bundle Z replace number-values of functions but 
we are not informed now what and where is zero for these values, so our "functions" do not form any 
algebra or even a vector space. Such an approach forces deep changes in the language, notions and 
canonical objects of differential geometry. We propose to call this kind of geometry the differential 
geometry of affine values {AV- differential geometry in short). 

An additional motivation comes from the observation that even canonical objects in the traditional 
"vector geometry" happen to have an affine character, more or less hidden or forgotten. Let us consider 
the canonical symplectic form on the cotangent bundle T*M. This 2-form is recognized as a linear 
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object while, on the other hand, it is invariant with respect to translations by closed forms on M that 
suggests its hidden afhne character. Indeed, it is possible to construct an affine analog of T*M, which 
is a symplectic manifold with canonical symplectic structure and which seems to be more appropriate 
phase space for many mechanical problems. 

The idea of using afRne bundles for the correct frame-independent geometric formulation of analyt- 
ical mechanics theories goes back to some concepts of W. M. Tulczyjew Tul (see also ,Be1lTUIIUrl| '). 
We will also use in the paper some of unpublished ideas of W. M. Tulczyjew. A similar approach 
to time-dependent non-relativistic mechanics (in the Lagrange formulation) has been recently devel- 
oped by E. Massa with collaborators MPL, Ei], E. Martinez, W. Sarlet, and T. Mestdag 
jMMSlL IMM521 . Our paper is organized as follows. 

In section 2 we present basic notions of the theory of afhne spaces and relations to the theories 
of special (resp., cospecial) vector spaces, i.e. the vector spaces with distinguished a non-zero vector 
(resp., covector). 

Basic categorial construction for affine spaces and special/cospecial vector spaces, like direct sums, 
products, and tensor products, are presented in section 3. To our surprise, we could not find them in 
the literature. 

In section 4, the main afSne objects of our approach, namely special affine spaces, i.e. affine spaces 
modelled on special vector spaces are introduced together with the corresponding notion of special 
duality. 

One-dimensional special affine spaces, called spaces of affine scalars are of particular interest. Some 
properties of such spaces are investigated in section 5. 

All above is extended to the case of bundles in sections 6 and 7. A special affine bundle is a pair 
A = {A, v), where A is an affine bundle over M and v € Sec(V(A)) is a nowhere-vanishing section of 
its model bundle V(A). The dual special affine bundle A* is the affine bundle Aff(A;I) of special 
affine morphisms of A„j into the canonical special affine bundle M x I, where I = (M, 1), i.e. those 
afRne morphisms ip : A„,, — *■ K whose linear part maps v(rn) into 1, m G M, with the distinguished 
section of the model vector bundle being 1a - the constant 1 function on A. 

One-dimensional special affine bundles are called AV-bundles. An important observation is that 
there is a one-to-one correspondence between the space Sec (A) of sections of a special affine bundle 
A and the space AffSec(A*) of affine sections of the bundle A'^ — > A^/{1a) which is canonically 
an AV-bundle. The affine sections are, of course, those sections a : A'^ / {1a) A* which are affine 
maps, i.a. morphisms of affine bundles. This is a special affine analog of the well-known correspondence 
between sections of a vector bundle E and linear functions on the dual bundle E* . 

In section 8 the phase PZ and the contact bundle CZ associated with an AV-bundle Z are con- 
structed. They are AV-analogs of T*M and T*M © M and carry canonical symplectic and contact 
structures, respectively. The AV-Liouville 1-form which is the potential of the canonical symplectic 
form on PZ is naturally understood as a section of an affine fibration over PZ (cf. |Ur2| ) . 

Various Lie algebroids and Lie affgebroids (i.e. Lie algebroid-hke objects on affine bundles [GGUp 
associated with a jiven AV-bundle Z are defined and studied in sections 9, 10, 11. Let us mention 
the Lie algebroid TZ (an AV-analog of the Lie algebroid extension LM = TM E of the canonical 
Lie algebroid TM of vector fields) , the Lie algebroid LZ (an AV-analog of the Lie algebroid extension 
LM © M of the Lie algebroid LM — TM ® R of linear first-order differential operators on M) and their 
affine counterparts TZ and LZ. One proves that the Lie algebroid LZ admits a canonical closed 1-form 
0°, i.e. LZ carries a canonical structure of a Jacobi algebroid (see jlMI IGMTI IGM2| ) . It is also shown 
that sections of TZ, or LZ, (resp., sections of TZ, or LZ) can be interpreted as affine derivations, or 
affine ffi-st-order differential operators, on sections of Z with values in functions on M (resp., such 
derivations, or ffist-order differential operators, but with values in sections on Z). 

In section 12 we recall the definitions and basic facts on aff-Poisson and aff- Jacobi brackets (cf. 
|GGU| ). i.e. analogs of Poisson and Jacobi brackets, defined on sections of an AV-bundle Z over M and 
taking values in the ring of smooth functions C°° (M) . The main result is the correspondence between 
Lie affgebroid structures on a special affine bundle A = {A, v) and aff- Jacobi brackets on the AV-bundle 
A* A*/ (1^) which are affine in the sense that the bracket of two affine sections is an affine function 
on A*/ {1a)- This can be viewed as an AV-analog of the fact that Lie algebroid brackets on a vector 
bundle E correspond to linear Poisson brackets on the dual bundle E* . In this picture, the Lagrange 
formulation of a mechanical problem takes place on a special affine bundle A — {A, v) equipped with a 
Lie affgebroid structure, and the lagrangians are sections of the AV-bundle A A/{v). The Hamilton 
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formalism, in turn, takes place on the dual special afRne bundle A'^ and the hamiltonians are sections 
of the AV-bundle A"* — > A#/(l_4) which carries a canonical aff-Jacobi structure. In most important 
examples this structure happens to be aff-Poisson. 

In section 13 we observe that aff-Poisson and aff-Jacobi structures on an AV-bundle Z correspond 
to canonical structures A and J7 for the Lie algebroid TZ and Jacobi algebroid LZ, respectively, i.e. 
A e A^TZ, |A,Al:j-2 = (resp., J e A^LZ, [J, = 0), where |-, -J^.^ is the Lie algebroid 

Schouten bracket on /\ TZ (resp., |-, -J^^^ is the Schouten- Jacobi bracket of the Jacobi algebroid 

(LZ, 4^)). This is an AV-analog of the well-known identification of Poisson brackets on C°°{M) with 
Poisson tensors on M, i.e. bivector fields with the Schouten-Nijenhuis square being 0. The known 
results on characterization of canonical structures for Lie and Jacobi algebroids |GM2[ IGU3j alow one 
to derive an analogous characterization for aff-Poisson and aff-Jacobi brackets. In particular, one can 
define the corresponding homology and cohomology in a natural way. 

In Section 14 we present solutions of the mentioned problems of the frame-independent geometric 
formulation in analytical mechanics with the use of developed concepts. These solutions form an 
alternative to the Kaluza-Klein approach where the vector-like formulations is kept for the price of 
extending the dimension (see also [CTtIITuTIItTI] '!. 

Much of this material is to our knowledge new. Our aim was to present a possibly complete picture 
which can be viewed as a well-described mathematical program based on the ideas and needs from 
analytical mechanics. 

2 Category of afRne spaces 

An affine space is a triple {A, V, a), where A is a set, V is a vector space over a field IK and a is a 
mapping a: A x A ^ V such that 

• a{a3,a2) + a{a2,ai) + a(ai, 03) = 0; 

• the mapping a(-, a): A ^ V is bijective for each a ^ A. 

We shall also write simply A to denote the affine space {A, V, a) and V(A) to denote V. One can also 
say that an affine space is a set with a free and transitive action of a vector space (which is viewed as 
a commutative group with respect to addition). By dimension of A we understand the dimension of 
y{A). If {A, V, a) then also {A, V, —a) is an affine space. We will write for brevity A to denote the 
adjoint affine space (A, V, —a). We will write also 02 — cii instead of a(a2, oi) and a -I- u to denote the 
unique point a' G A such that a' ~ a = v, v G V(^). Of course, every vector space is canonically an 
affine space modelled on itself with the affine structure a{vi,V2) = vi — V2. The adjoint affine space 
A can be viewed as the same set A with the opposite action of V(A): a a — v. 

It is easy to see that for any linear subspace Vq of V the set A/Vq of cosets of A with respect to 
the relation a ~ a' a — a' G Vb is canonically an affine space modelled on V/Vq. 

A subset A' of A is an affine subspace in A if there is a linear subspace V(yl') of V(A) such that 
A' — a' + \/{A') for certain a' e A' . Affine subspaces are canonically affine spaces with the affine 
structure inherited from A. 

If A' is an affine subspace of A then the quotient space A /A' is understood as A/\/{A') with distin- 
guished point being the class of A'. Hence A/A' can be identified with the linear space V(A)/V(A'). 

Morphisms in the category of affine spaces are affine maps. Let A and A' be affine spaces. We say 
that a mapping ip: A —>■ A' is affine if there is a linear mapping Lp^:V ^ V such that 

ip{a + v)^ (p{a) + (p^{v). 

We say that (pv is the linear part of tp. 

More generally, on every affine space instead of the subtraction ai — a2, one can consider vector 
combination of elements of A, i.e. the combination "^^Xiai, where G A, Xi G K, and '^^Xi = 0. 
Every vector combination of elements of A defines a unique element of V(A) in obvious way. Sim- 
ilarly, one can consider affine combinations (called also barycentric combinations) of elements of A 
which have formally the same form but with — 1- affine combination determines uniquely 

an element of A. Affine maps may be equivalently defined as those maps which respect affine com- 
binations. Note however that affine combinations do not determine the affine structure completely: 
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A and have the same afhne combinations. The set AfF(^; A') of all afFinc maps from A into A' 
is again an affine space modelled on the vector space Aff (A; V(A')) of affine maps from A into the 
model vector space V(yl') of A': for (fi,(f2 € Aff(^i; A2) we put {ipi — (p2){o-) = fiia) — '■P^io)- In- 
ductively, the set AfF'^(^i, .. .,Ak\A) of fc-affine maps from Ai x . . . x A^ into A is defined as the 
set Aff(Ai; Aff'^~^(A2, . . . , A^; A)). Like in the linear case, one proves that Aff'^(Ai, . . . , A^; A) can be 
identified with the space of of maps F : Ai x . . . x Ak ^ A which are affine with respect to every 
variable separately. By 

F::AiX...x V(A0 x...xAk^ V(A) 

we denote the linear part of F with respect to the ith variable. It is linear on V(Aj) and affine with 
respect to each of the remaining variables separately. The higher-order linear parts j^Ji are defined 
in obvious way. The multilinear map 

F;'--'=:V(Ai)x...xV(Afe)^V(A) 

we denote simply by Fy. 

A free affine space A = A{{aj}j^j) generated by the set {aj : j G J} is an affine subspace in the 
free vector space generated by {aj : j £ J}, i.e. in the the vector space V{{aj}jej) of formal linear 
combinations v = J2j ^j'^j^ described by the equation = 1, where 1^ is the linear functional 

on V{{aj}jej) defined by = Aj. The notation is justified by the fact that this functional is 

constantly 1 on A. The model vector space for this free affine space is a linear subspace of V{{aj : 
j S J}) being the kernel of the functional 1^. Every affine space A is actually isomorphic to the free 
affine space generated by a subset of A which we call a basis of A. A subset {aj : j G J} is a basis of 
A if every element of A can be expressed uniquely as an affine combination of elements of the basis. 
Existence of a basis can be proved analogously to the linear case, since {aj : j G J} is a basis of A if 
and only if {aj — ajg : j G J'} is a basis of V(A), where jo G J and J' = J \ {jo}- The dimension of A 
is the cardinality of a basis minus 1. 

Every affine space A is canonically embedded as an affine hyperspace into a vector space A which 
we call the vector hull of A. The vector hull A is defined as the quotient space V{A)/Vo{A) of the 
free vector space V{A) generated by A by its subspace spanned by linear combinations of the form 
1 ■ {a + X{a' — a")) — 1 ■ a — Xa' + Xa". Here the expression (a + X{a' — a")) is viewed as an element of 
A. Since A is canonically embedded into V{A) as a set, we have a canonical map from A into A which 
can be proved to be an embedding of the affine space onto an affine hyperspace, i.e. a 1-codimensional 
affine subspace which is proper (does not contain 0), of A. This hyperspace can be equivalently defined 
as the level-1 set of the functional 1a ■ A ^ K represented by the sum of coefficients on V{A). We 
will not denote this embedding in a special way just regarding A as a subset of A. The model vector 
space V(A) is also canonically embedded in A as the kernel of 1a- 

Choosing a basis {aj : j G J} of A we get an isomorphism of A with V{{aj : j e J}). Note that for 
a vector space V viewed as an affine space its vector hull V is canonically isomorphic to V ® K. This 
decomposition follows from the existence of a distinguished element € V which is a non-zero vector 
in V complementary to V(F) ~ V. It is obvious by construction that the vector hull is unique up to 
isomorphism, so that we have the following. 

Theorem 1 Every affine space A is canonically embedded as an affine hyperspace of the vector space 
A - its vector hull. Conversely, if A is cmhedded as an affine hyperspace of a vector space W , then 
there is a canonical isomorphism $ ; A ^ W which reduces to the identity map on the emhedded A. 

For vector spaces Vi, V2 we denote by Hom(Vi; V2) the space of morphisms (linear maps) from V\ into 
V2 and by Hom^J(Vi; V2) the subset of those morphisms $ G Hom(Vi; V2) which map the subset Ai of 
V\ into the subset A2 of l^- 

Theorem 2 For an affine space A and a vector space V there are canonical identifications 
(a) 

Aff(A, V)3^^$G Hom{A, V). 
In particular, the vector space A'^ = Aff(A, M) is canonically isomorphic to A*, and 
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(b) 

Aff(Ai, A2) B(pi-^lpG Hom^J(Ai, A2) 

for affine spaces Ax^A^. 

Proof. Wc put simply AiOj) = Xnpifli) for A, e K, a, G A, so = (p\A- There are obvious 

embeddings 

Aff(Ai,^2) C Aff(Ai,^2) C Hom(Ai, A2) 

and it is easy to see that Aff(Ai, A^) is characterized inside Hom(Ai, ^2) as the set of those morphisms 
which map A\ into A-^,. ■ 

The vector space A has a distinguished affine hyperspace A. Such an affine subspace is uniquely 
determined by the nonzero functional \a G A* as its level-1 set: A ~ [v ^ A : \a(v) = 1}. Thus 
A = {A, 1a) is an example of a cospecial vector space, i.e. a vector space with a distinguished affine 
hyperspace, or, equivalently, as a vector space with a distinguished non-zero linear functional. On 
the other hand, its vector dual A*, which is canonically identified with = AfF(^,K), is a special 
vector space, i.e. a vector space with a distinguished non-zero element. We will denote this special 
vector space by A^' = {A^, 1a) and call it the vector dual of A. In finite dimension we have a true 
duality between affine spaces and special vector spaces. Indeed, every special vector space V = (V, 
defines an affine hyperspace = {u € V* : u{v°) = 1} in the dual V* of V. Since in finite dimension 
(y*)* = V, we have the foUowing. 

Theorem 3 For finite- dimensional special vector space V and finite-dimensional affine space A there 
are canonical isomorphisms 

((Vt)t,lv*):^V 

and 

(At)* ~ A 

The vector hull Aff(Ai,^2) of Aff(^i,A2) can be interpreted as the vector space Hom(Ai,A2) of 
those linear maps F : Ai ^ A2 for which F*{1a2) = Al^^ for certain A € K. 

Special (resp., cospecial) vector spaces form a category with the set of morphisms Hom(Vi, V2) 
between = {Vi,v^) (resp. = {Vi,(pi)), i = 1,2, consisting of those linear maps F : Vi — *■ V2 for 
which — V2 (resp., F*{(p2) = fi)- The condition F*{(fi2) = means that F maps the points 

of the affine hyperspace Ai = {(/?i(ui) = 1} of Vi into the affine hyperspace A2 = {(^2(^2) = 1} of V2. 
There is a canonical covariant equivalence functor from the category of cospecial vector spaces into 
the category of affine spaces. It associates with any cospecial vector space {V, A) its affine hyperspace 
A, and with every morphism F : (Vi, ^i) — > (V2,^2) its restriction to Ai (which is an affine map into 
A2). Conversely, with every affine space A we associate its vector hull A with A as the distinguished 
affine hyperspace and with every affine map F : A^ ^ A2 its (unique) extension to a linear map from 
Ai into A2. In finite dimensions we can use the duality and obtain a contravariant equivalence functor 
from the category of special vector spaces to the category of affine spaces. This functor associates with 
a special vector space V = {V,v°) the affine hyperspace V-'- in V* . We will use these equivalences to 
construct categorial object for the affine category exploring (generally better) knowledge of the linear 
category. 

3 Categorial constructions for afiine spaces 

In the category of special vector spaces and, consequently, in the category of cospecial vector spaces 
and the category of affine spaces there are direct sums and products. We will just describe the models 
leaving the obvious proofs to the reader. The constructions are very natural but, to our surprise, we 
could not find explicit references in the literature. 

sv 

For special vector spaces Vj = {Vi,v^), i = 1,2, their product V1XV2 is represented by the 
standard product Vi x V2 with the distinguished vector = {v°,V2)- The projections tt, : Vi x V2 ^ 
map onto u?, i.e. represent morphisms of special vector spaces. 
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The special direct sum Vi©V2 is represented by the quotient vector space Vi © V2/(wi — V2) with 
the distinguished vector being the class of (or, equivalently, the class [w^] of U2). The embedding 
of Vj is represented by the embedding of ViinVi® V2 composed with the projection. 

By duality, for cospecial vector spaces Vj = {Vi,ip^), i = 1,2, its cospecial direct sum Vi®V2 is 
represented by the vector space Vi © V2 with the distinguished functional = {ipi,'P2) G V* x V^* = 

cv 

{Vi © V2)* and obvious embeddings of Vj. The product V1XV2, in turn, is represented by the linear 
hyperspace in Vi x V2 being the kernel of iPi — iP2 G V{ © V2 = {Vi x V2)* and equipped with the 
distinguished functional = {'Pi)\Ker{-p°—p°) = if2)\Ker{-p°-(p°)- The projections from Ker{ip\ — tp^) 
onto Vi arc just restrictions of projections from Vi x V2. They give rise to cospecial morphisms from 

cv 

V1XV2 onto Vj. 

The above constructions allow us to recognize the products and sums in the category of afRne 

a 

spaces. The affine product A1XA2 in this category is the standard cartesian product Ai x A2 which 
is an afRne space modelled on V(Ai) x V(^2), (ai,a2) — {<i'i,o.2) = (''1 ^ <ii;<i2 — 02)- The direct 
sum Ai(BA2 is the affine hyperspace in Ai © A2 generated by the affine subspaces Ai,A2 which are 
canonically embedded, i.e. 

^i®^2 = {Aiai + A2a2 & Ai ® A2 : ai G Ai,a2 & A2, Xi + X2 = 1}, 
with obvious embeddings of Ai and A2. 
Theorem 4 We have canonical isomorphisms 



(A1XA2) - A1XA2, (1) 

a ^ — ~ cv ^ — ~ 

{Ai®A2) ~ Ai®A2, (2) 

{AixA2)^ ~ A\®aI (3) 

{Ai®A2y ~ 4x4, (4) 



where the vector hulls and the vector duals are regarded as cospecial and special vector spaces, respec- 
tively. 

a a 

In the category of affine spaces we can define affine tensor products Ai<S: . . . ^A). which are affine 

. a a a a 

spaces such that AfF (^1, . . . ,Ak; A) = AfF(^i© • • • (^Ak] A). Like in the linear case, ^1© • • • ®Ak can 
be defined as the quotient of the free affine space A{Ai x . . . x Ak) by the linear subspace of its model 
vector space generated by elements of the form 

(ai, .. .,ai + A(aj - a"), . . . ,ak) - (ai, . . . ,ai, . . . ,ak) - A(ai, . . . , a-, . . . , afe) + A(ai, . . . ,a", . . . , Ofe). 

a a 

One can also say that Ai(^ ■ ■ ■ iE)Ak is the affine subspace in © . . . (g) spanned by tensors of the 

a a 

form ai © . . . (g) Ofc, where £ Ai. The tensor product ^1© . . . ^A^ may be viewed also as the affine 
hyperspace in the standard tensor product © ... A/- determined by the functional Iai © ... © Iaj. 

a a 

and the associated vector space V(Ai© • • • ©Afc) is the kernel of l^i © ... © 1^^- It is easy to see that 

a a . — ^ 

V(Ai© • • • ©Afc) is additively generated by tensors ai © . . . © © . . . © Ofe from yli © . . . © A^, where 
aj e Aj, Vi G \l{Ai). This is indeed a vector space, since \{a\ © ... © t^i © ... © afc) is represented by 
ai © . . . © \vi © ... © afc. If we fix a-* G Ai, then 

Ai©...©Afc = a?©...©a°+ a?©...©V(AjJ©...©V(AiJ©...©afe. 

i\<...<ii 

a a 

Sometimes we will write ai© . . . ©a^ for the affine tensor product represented by ai © . . . © € 

a a 

Ai © ... © Afc to stress that we are dealing with an element of Ai© . . . ©Afc. The canonical map 

a a a a 

Ai X . . . x Afc 9 (oi, . . . , afc) !-»• ai© . . . ©afc G Ai© . . . ©Afc 
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a a 

is a multi-afRne map. Note that for vector spaces Vi there is a canonical identificiation of Vi® • • • <^Vk 
with ((Vi © K) (8) . . . (g) (Vfe © K)) e (K (g) . . . ig) K). For the dimension we have the formula 



djm(^i(g) • • • (g)Afc) = {dim{Ai) + 1) ■ . . . ■ {dim{Ak) + 1) - 1. 
Like in the linear case, we have natural isomorphisms 

Ai^A2 ~ ^20^1, (5) 
Ai(g)(^2(8>^3) ^ (Ai 0^2) 0^3, (6) 
Ai^A2 Ai^A2, (7) 

(^10^2)^ ~ (Ai)t®(A2)^ (8) 

a 

To define afRne skew-symmetric tensor prodnct /\^A for > 1, let us observe first that the symmetric 
group Sk acts naturally on A^^ . By Aq we denote its afhne subspace spanned by tensors of the form 

a a 

ai® . . . f^ttfe, where = aj for certain i ^ i.e. invariant with respect to a transposition. We put 

a ^ 

f\^A = A'^^/Al 

which is canonically a vector space (see the previous section). It follows directly from definition that 

a 

any element of Aff(/\'^A; A') represents a multi-afHne mapping F : A x . . . x A ^ A' (an element of 

Aff(74®'^; A')) which is constant on Aq, i.e. constant on the set of those (ai, . . . , a^) for which = aj 

for certain i ^ j- 

It is a standard task to prove that such multi-affine mappings are skew- symmetric in the sense that 

' ^^H(a<7( i),---,v,..., a„(k) ) = sgn{a)F^ {v,a2, . . . ,ak) 
for any permutation a G Sk and a2, ■ ■ ■ ,ak & A, v G V(A). It is easily seen that, for A; > 1, the afRne 
wedge product A*^^ is canonically isomorphic to the standard exterior power /\ A. To put it simpler, 

one can also say that /\''A is the affine subspace in /\ A generated by tensors ai A . . . A a^, G A, 
which happens to be the whole /\'' A. 

4 Special afRne spaces and special duality 

A special affine space A = {A,v'^) is an afRne space A modelled on a special vector space V(A) = 
{\/{A),v^). The adjoint special affine space A = {A,—v^) is modelled on the adjoint special vector 

space V = {V, — w"). 

Let A = {A,v°) and Aj = (Aj,u°), i = be special afRne spaces with the distinguished 

vectors e V(A), vf G V(Aj). By Aff (Ai; A) we denote the space of special afRne maps : Ai — > A. 
It is canonically a special affine space, since the constant map onto {v^} is naturally distinguished in 
V(Aff(Ai;A)) = Aff(Ai, V(A)). Inductively, we put 

Aff '=(Ai, . . . , A;^; A) = Aff (Ai; Aff'=-i(A2, . . . , A;^; A)) 

for the space of fc-spccial affine maps from Ai x . . . x A^ into A, which consists of maps F : Ai x . . .x 
Ak ^ A which are special afRne with respect to every variable separately. 

The vector hull of a special afRne space is canonically a bispecial vector space, i.e. a vector space 
V with a distinguished non-zero vector £ and a distinguished non-zero covcctor ip'^ G V* (or an 
affine hyperspace A) such that (p°{v°) = (or ti" € V(A)). Morphisms between bispecial vector spaces 
Vi = {Vi,vf, (fi), i = 1,2, are those linear maps F : Vi ^ V2 which respect the distinguished vectors 
and covcctors: F{v"^) = v^, F*{ip'^) = 95?. 

In finite dimensions we have the obvious equivalence between the category of special affine spaces 
and the category of bispecial vector spaces. Since the category of bispecial vector spaces, which is 
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canonically equivalent to the category of special affine spaces, is self-dual with the obvious duality 
{V,v^,(p^)'^ — {V* , (p'^ ,v'^), we have the natural duality A ^ A"^ in the category of special affine 
spaces. The dual A* of the special afhne space A = {A, is thus the afhne hyperspace in {A)* = A^ 
defined as the level-1 set of the functional v'^ (we use the embedding A C A**) and equipped with the 
vector 1a, lyi(^) — 1, of its model vector space. In other words, 

A* = AfF(A,I), 

where I = (IK, 1) is the canonical special vector space, with canonically chosen map 1a in V(AfF(A, I)). 
Let us observe that 1a really belongs to the model vector space for A'^, since the latter consists of 
those aflane maps ip : A K. whose linear part vanishes on v'^, i.e. 

V(A#) = e AfF(^, K) : (p^{v°) = 0} = Aff (y4/(w°); K) = 
{ip e Hom(l; K) : ip{v°) = 0} = Hom{A/ {v°);K). 

The bispecial interpretation of the special affine duality yields immediately the canonical isomorphism 
(A"^)^ — A. Note also that one can view I as {*}t, where {*} is a single-point affine space, and that 
the map tp —ip establishes a canonical isomorphism 

A#~A*. 

A special affine pairing between special affine spaces Ai and A2 is a special biaffine map 

<i> : Ai X A2 ^ I 

for which the corresponding maps 

: Ai Af = Aff(A2,I), <(a2) = <i>(ai,a2), 

and 

: A2 ^ Af = Aff (Ai, I), $^^(ai) = $(ai, 02) 

are isomorphisms (in finite dimension it is sufficient that they are injective). An example is given by 
the canonical special affine pairing of dual special affine spaces 

(•, ■)sa : A X A# I, (a, ip)sa = fia) = a{ip) 

This is just the restriction of the pairing between A and A# = At = A* to the product of affine hyper- 
spaces A X A*. Note that every special affine map tp S Aff (Ai; A2) has its dual ■0'* G AfF(Af ; Af) 
defined by 

{ai,'ip*(af))sa = {^{ai),af)sa- 

Note also that the concept of special vector spaces and the corresponding duality has been introduced 
in |TTFT| . 

Since morphisms of bispecial vector spaces are linear maps which are simultaneously morphisms 
of special and cospecial structures, we can combine the constructions of the previous section to get 
products, direct sums, and tensor products in the category of special affine spaces. 

sv 

Recall that the special direct sum Vi©V2 is represented by the quotient vector space Vi © V2/ {v^ — 
V2) with the distinguished vector being the class [v^] of (or, equivalently, the class [t^^] of u"). A 
similar construction A1KIA2 — {{Ai x A2) / {{vi , —V2)) , [{vi , V2)]) we can perform in the category 
of special affine spaces. The model space for A1KIA2, which will be called the reduced product, is 

sv 

canonically isomorphic with V(Ai)©V(A2). However, A1KIA2 is not the direct sum in the category of 

sv 

special affine spaces which will be constructed in a while. The class of u + t; in V(Ai)©V(A2) (resp., 

sv 

the class of (ai,a2) in A1KIA2) we will denote by u(Bv (resp., 01^102). Note that any special affine 

a 

pairing $ : Ai x A2 ^ I is constant on fibers of the canonical projection A1XA2 A1KIA2. The 
notion of the reduced product is useful because of the following fact which can be easily derived from 
Theorem 11(3). 



9 



Theorem 5 For special affine spaces A^, i = 1,2, we have 

(A1KA2)* ~ Af KAf . 

o a 

In particular, for any affine space A and Ai = Axl, one has AXA2 = A1KIA2 and consequently 

{AXA2)* ~ A+KAf . 

For special affine spaces A^ = {Ai, v"), i = 1,2, their special affine direct sum, Ai©A2 is represented 

by the affine space {Ai®A2)/{v^ - v^) modelled on Ker{lAi + 1a2)/{vi - v^) in {Ai © A2)/{v^ - v^) 
with the distinguished vector G {Ai ® A2)/{vi — V2) being the class [vi] of Vi (or, equivalently, the 
class [^2] of V2). There are obvious special affine embeddings of Aj into Ai®A2, i = 1,2. 

sa a / \^'^ / \ 

The special affine product A1XA2 is represented by A1XA2 modelled on V(Ai)xV(A2) with dis- 
tinguished vector = {vi, V2) in V(Ai) x V(A2). The special affine projections from Ai x A2 onto Ai, 

sa sa 

i = 1,2, are obvious. Note that the dimensions of Ai©A2 and Ai x A2 are equal, but the model vector 
spaces are different (we have inclusion V(Ai) x V(A2) C Ker{lAi+lA2): but — 1^2 ^ V(Ai) x V(A2)). 
However, like for vector spaces, they are related by duality. 

Theorem 6 There are canonical isomorphisms 

80/ 11 11 SO/ 11 

{A1XA2)* ~ Af©A# (9) 
(Ai©A2)# ~ AfxAf. (10) 
For special multi-affine morphisms from Ai x . . . x A), we have a representing object, the special 

sa sa 

affine tensor product Ai^ . . . ^Ak, such that 

Aff *^(Ai, . . . , Afc; A) = Aff (Ai^ . . . ^Aj,; A). 

a a a a 

This is the quotient of the affine tensor product ^i® . . . (8)Afc by the linear subspace of V(Ai(8) • • • ^Ak) 
spanned by tensors 

a a a a a a ^ a a 

ai® . . . 18) . . . ®afc — 61® . . . ^Vj^ . . . ®bk, 

sa 

where a;, 6; G Ai. In the special affine case dim{Ai<S:A2) = dim{Ai) ■ dim{A2). The canonical map 

sa sa sa sa 

Ai X . . . X Ak B {ai, . . . , ttk) I-*- oi(g) . . . (g)afc e Ai® . . . <SiAk, 

sa sa a a 

where ai© . . . ©afc is the coset of ai© . . . (^Uk, is a special multi-affine map. We have obvious canonical 
isomorphisms 

sa sa sa sa sa sa sa ^ -u-^^ 44- 

Ai(g)A2 ~ A2(g)Ai, Ai(8)(A2(8)A3) ~ (Ai(giA2)(g)A3, (Ai(giA2)* = Af (g)A|". 

Note that there are no special fc-affine and skew-symmetric maps F : A x . . . x A — > A', A = [A, v^), 
A' = (A' , v') for A; > 1, since special fc-affinc implies that F^{v^ , a, . . .) = F^{a, v^, . . .) = v' and skew- 
symmetry that F^{v°, a,...) = —F^{a, , . . .), so v' = ; a, contradiction. 

Starting with an object in vector or affine category we can always construct canonically an object 
in the special category just by taking the product with I = (K, 1). For example, given an affine space 

a 

A we can define its specialization Sa as the special affine space Sa = (^xl, (0, 1)) modelled on the 
specialization Sv(a) = (V(A) x I, (0, 1)) of the model space for A. Using the specialization we can 
describe certain canonical constructions in affine category in the language of the special affine category. 
Note that in this language I = S{,}, where {*} is a one-point affine space. 

Theorem 7 For affine spaces A, Ai , A2 there are canonical isomorphisms 

(«) Sf ^ At, (11) 

(6) Sa ^ S^, (12) 

sa 

W ^A,^A2 - SA,eSA„ (13) 

(d) s\J^ ^ Sa.^Sa.. (14) 
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Proof. The proof is straightforward and wc wiU prove only (a) leaving the rest to the reader. Since 
any ip £ = Aff(S^;I) is an afhne map characterized by (p{a,r) — (p{a,0) + r, there is a one-one 
correspondence 

given by f^{a) = (f{a, 0). It is obvious that (</? + Is^)^ = ip^ + 1a, so this is an isomorphism of special 
afhne spaces. ■ 

5 Spaces of affine scalars 

In this section we will consider 1-dimensional special afhne spaces Z = (Z, w"). Since the model vector 
space V(Z) is 1-dimensional and special, we can identify it with I = (K, 1). In what follows we assume 
that Z is modelled on I. In this picture the adjoint special afhne space Z is isomorphic to {Z , 1), 
i.e. Z is Z with the same distinguished vector but with the adjoint afhne structure: a —q a' = a' — a 
(or a +0 r = a + (— r)). The points of Z are like numbers, i.e. elements of K, but the origin 
is not fixed, so only the difference of points makes sense as a number or, equivalently, we can add 
numbers to points of Z. We will call Z a space of affine scalars. Of course, any point cto G Z defines 
the isomorphism la^ '. —>■ I, a t—^ a — ctq, of special affine bundles. We can consider also the map 
F : Z ^ Zt = Aff (Z, K) given by F„(ct') = a - a' . The following is straightforward. 

# 

Theorem 8 The map a i— > induces a canonical isomorphism F : Z — > Z represented by the 
special affine pairing 

Z X Z 3 ((7, a') = F^(ct') = (t - ct' e I. 
This isomorphism extends by linearity to an isomorphism F : Z ^ of special vector spaces. 

There are canonical geometric structures on the space of affine numbers Z. Since a translation of a 
polynomial function on K is a polynomial function, the algebra PoZ(Z) of polynomial functions on Z 
is well-defined. It is generated by afhne functions on Z. There is a canonical 'vector field' (derivation 
of PoZ(Z)) on Z being the 'fundamental vector field' Xz of the K-action on Z, a a + s. With 
respect to any 'global coordinate system' : Z K this vector field has the form Xz = —ds, where 
9s (s") — ns"~^ for s being the standard coordinate in K. We can also consider a Jacobi structure on 
Z with the corresponding Jacobi bracket 

{f,g}z = fXz{9)-9Xz{f) (15) 

on Pol{Z). Of course, in the case K = R one can understand Xz as a true vector field on Z and the 
bracket {•, -jz can be understood as a bracket defined on the algebra C°°{Z) of all smooth functions 
on Z. 

Proposition 1 (a) For all a, a' G Z, 

{F,,F,,}z^F,{a')^a-a'; (16) 

(b) For all G Zt and all a eZ, 

{(f>,F,}z = H^). (17) 

Proof. Let us identify Z with I by fixing certain ao E Z and let s be the linear coordinate on I. Then, 
Fct(s) = cr — s and, for (j){s) = as + b, we have 

{as + b.a — s}z = —{as + b)ds{(7 — s) + {a — s)ds{as + b) = {aa + b) = (t){a) 

that proves (a). Part (b) follows from (a) easily. ■ 

Note that the vector space Z^ ~ Z is two-dimensional but there is no canonical basis. Instead, we 
have the canonical exact sequence 

0^1^ Zt ^1^0, 

where the inclusion is I 9 A i-^ Alz and the projection Z^ 3 ^ —Xz{4>) G I gives the 'directional 
coefficient' of affine functions. The affine subspace Z* in Zt is characterized as the family of affine 
functions on Z for which Xz(0) = — 1. Similarly, the image of Z under the isomorphism F : Z ^ Z^ 
is characterized by Xz{4>) — 1. The Jacobi bracket l(TK)l describes the pairing between Z^ and Z. 
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Theorem 9 For all G and all u £7i, 

{0,F4z = (18) 
Proof. The theorem follows easily from (|17|l by linearity. I 

Remark. We cannot add two afhne scalars. However, for spaces Z, Z' of afhne scalars we can 
introduce an equivalence relation in Z x Z' by 

(z, z') ^ {zi, z'l) z — Zl ^ z[ — z' 

and interpret the equivalence class of {z,z') as a sum of z and z' . We recognize the space of such 
equivalence classes as ZKIZ'. Let us remark that this concept of addition of affine scalars is already 
present in [TUZ, . 

6 Affine and special affine bundles 

All above can be formulated mutatis mutandis for affine bundles instead of affine spaces. Here K = R 
and affine bundles are smooth bundles of afhne spaces which are locally trivial, so that we pass from 
one local trivialization to another using the group of afhne transformations. Since we do everything 
fiberwise over the same base manifold M and consider only morphisms over the identity map on the 
base (if not explicitly stated otherwise), this generalization is straightforward and we use, in principle, 
the same notation. For instance, V(A) denotes the vector bundle which is the model for an affine 
bundle ( : A ^ M over a base manifold M. By Sec we denote the spaces of sections, e.g. Sec(C) 
(or sometimes Sec(^)) is the afhne space of sections of the affine bundle : A M. Tliis time, 
however, we must distinguish the bundles of morphisms like AffM(^i,^2)j Homj\,/(^i, V2), etc., from 
their spaces of sections which consist of particular morphisms. We will write shortly AfF(Ai, A2) instead 
of Sec(AfFM(^i,^2)), etc., and A^ = AfFM(^,K) (resp., V* = HomM(V",M)) instead of AfFM(v4, M xM) 
(resp., HomM(V,M x M)) and AfF(A) (resp., Lin(T^)) for the space of sections - affine functions on A 
(resp., linear functions onV). 

Every section of the model vector bundle V(^) induces a vertical vector field va on A (called the 
vertical lift of V) being the generator of the one parameter group of translations A 3 am >— > crm + sv{m). 
Of course, v is uniquely determined by va- By a special vector bundle we understand, clearly, a vector 
bundle with a distinguished nowhere vanishing section. Consequently, a special affine bundle is an 
affine bundle modelled on a special vector bundle, etc. Every special affine bundle A = {A,v'^) carries 
a distinguished vertical vector field Xa = —Va, being the fundamental vector field of the (R, +)-action 
on A induced by w*^, i.e. the action. A 3 a„i 1— > a„i + sf'^(m), and thus a canonical Jacobi structure 
determined by Xa- The corresponding Jacobi bracket of smooth functions on A reads 

{f,g}A = fXA{g)-gXj,{f). 

If y is a vector subbundle in the model vector bundle \/{A) of an affine bundle A over M, then the 
canonical projection p : A ^ A/V of A onto the quotient affine bundle A/V defines an affine bundle 
structure on the total space A over A/V modelled on (A/V) Xm V (see jGGUp . We will call this 
affine bundle an affine projection bundle (AP-bundle) and denote it AP{A,V). Since p is a morphism 
of affine bundles over M, it makes sense to speak about the affine section bundle AS(^, V) of p. The 
affine section bundle with fibers 

AS{A, V)m = {Zm e k^^{Am/Vm;Am) ■ Zm O Pm ^ 

is an affine bundle over M modelled on AfFM(^/V^; V^)- The space of sections of the affine bundle 
AS(v4, y), i.e. the space of affine sections of AP(A, F), we will denote by AfFSec(^, V). 

If, by chance, A is a vector bundle, then we can also speak about the linear section bundle LS(^, V) 
over M with fibers 

LS(A, V),n = {um e Hom(A„/Kri; A„) : ° Pm = idAr^/v„,}- 

This is an affine bundle over M modelled on HomM(A/V; V). The space of sections of the affine bundle 
\-S{A, V), i.e. the space of linear sections of AP{A, V), will be denoted by LinSec(^, V). 

Using the canonical extensions of affine maps from an affine space to linear maps from its vector 
hull we get the following variant of Theorem |2 
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Theorem 10 The canonical embedding AfFM(^/V^;^) C HomM{A/V;A) induces a canonical identi- 
fication 

A5{A,V) ~ LS(1, V). 
On the level of sections we denote this identification 

AffSec(A, V)3 a^d e LinSec(l, V). 

7 Bundles of affine values 

A particularly interesting case is that for one-dimensional special affine bundles Z = (Z, ti") over M 
which we will call bundles of affine values (AV-bundles) and usually denote by Z. The fibers of such 
bundles are spaces of affine scalars described in Section 5. The sections of an AV-bundle will play the 
role of functions in our affine differential geometry that will be developed in next sections. The model 
vector bundle V(Z) for ^ : Z — > M is one-dimensional and equipped with a distinguished non- vanishing 
section. It is clear that this yields a canonical identification of V(Z) with the trivial bundle M x R 
with distinguished non- vanishing section represented by the constant function Im, i-c. with M x I. 
Thus the AV-bundlc Z itself is trivializable, since every section tr G Sec(Z) defines the isomorphism 
/cr : Z ^ V(Z) = M X I, but not trivial, because we have no canonical trivialization. We insist on 
not introducing any particular trivialization, since introducing it is like fixing a frame or observer in a 
physical system and our approach is thought of as a geometric framework for studying such systems 
in a frame-independent way. 

The sections of Z can be viewed as 'functions with affine values', since they take values in fibers of 
Z which are almost reals except for the fact that we do not know where is 0, so we can only measure 
the relative positions of points. The main difference and difficulty is now that Sec(Z) is not an algebra 
nor even a vector space but only an affine space modelled on the algebra C°°(M) of smooth functions. 
In what follows, we will identify the model bundle for an AV-bundle Z with M x I. Thus we can add 
reals, Zm ^ Zm + s, in every fiber Z,„ of Z, so we have a free and transitive on fibers action of the group 
(M, on Z, i.e. Z is an R-principal bundle. Let us recall that the vertical vector field on Z which is the 
fundamental vector field of this action we denote by Xz and the corresponding vertical Jacobi bracket 
on Z by {•, -jz- The adjoint special affine bundle Z is represented by Z with the opposite action of R, 
i.e. with the fundamental vector field —Xz- Conversely, it is easy to see that every R-principal bundle 
Z carries an AV-bundle structure. We have an obvious bundle version of Theorem [S] 

Theorem 11 There is a canonical isomorphism 

F:Z^Z*, Fa^{a'J = am-a'^, (19) 

represented by the the special affine pairing 

Z X Z 3 (a™, a'„) a™ - e I. 

This isomorphism extends by linearity to an isomorphism F : Z Z^ of special vector bundles. 

F : Z ^ Z^ defines also a map on the level of sections, u G Sec(Z) Fu G Aff(Z). Since M x I ^ Z 
as V(Z), we can understand 1m as a section of Z and we obtain Fi^,^ = Iz, so the map F identifies 
functions on M with their pull-backs to Z. Moreover, for any a G Sec(Z), the function is an 
affine function on Z which is uniquely characterized by the property that F^- vanishes on the image 
of (T G Sec(Z) and Xz{F^) = 1. This allows us to understand sections of Z as smooth functions ip on 
Z with Xzi^p) = 1. The space of sections of Z is identified with the space of smooth functions on Z 
satisfying Xzif) = — 1. 

An important observation is that every special affine bundle A = (A, gives rise to an AV- 
bundle. Indeed, the vector bundle Aff m{A/ {v^); (v^)) is special. As the distinguished section -iP, 
which is constant on fibers of A/ (v^) we chose ■iP{p(am)) = —v^{m). Hence, AP(A, is canonically 
an AV-bundle which we denote by AV(A). The distinguished section is chosen in such a way that 
A:av(a) is the vertical lift v\ of so AV(Z) = Z and AV(Z#) = Z for any AV-bundle Z. Moreover 
the map F for AV(A) is characterized by the property that the affine function Fc, associated with a 
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section a of AV(A) satisfies v\{F„) = 1 and o cr = 0. Note the isomorphism AV(A) = AV(A). The 
choice of the distinguished section in AV(A) is justified by the next two theorems. 

In the hnear case there is an obvious identification of sections X of a vector bundle E with linear 
functions on the dual bundle i?*, defined by the canonical pairing. If E' is a submanifold of 

E* (in applications E' will be usually a vector or an affine subbundle), the restriction of to 
E' will be denoted by le\X\ In this notation, a section a of a special afhne bundle A (regarded as a 
section of A) will give rise to a linear function t^i (a) on A^^ and an affine function Lp^# (a) on the affine 
subbundle A# of A'f. Denote the map F for the AV-bundle AV(A'f) (resp., AV(A'^)) by F^ (resp., 
F#). 

For a special affine bundle (resp., a special vector bundle) A = (^, u") denote AS(A, by AS(A) 
(resp., LS(A, (t;°)) by LS(A)). The spaces of sections of these bundles we denote simply AfFSec(A) 
and LinSec(A), respectively. Since the section is affine, also AS(A) is canonically a special affine 
bundle. In the case when A is a special vector bundle the afhne bundle LS(A) is not canonically special, 
since the section is not linear. However, in the case when A is a bispecial vector bundle with the 
distinguished section of A*, = 0, then also LS(A) is special afiine with the distinguished 

section e Hom(yl/(w"); (w")), 

'v^^ipia^)) = -((^°(m),a,„)u°(m). 
Theorem 12 UXjUf There is a canonical isomorphism of affine bundles 

A~LSiA^), a„i->CTa„, 

where 

f?a„([V'm]) = y^m ~ fmiam)'^Aim). 

In other words, for any section a of A, 

Fk =Mt(a). 

The corresponding isomorphism of the model vector bundles takes the form 

V(A),„ 3X^m ^ -4,„ e (^V(U))*, 

where ix^{[fm]) = {fm)y{Xm). 

Note that the above theorem is an afhne version of the well-known fact that sections of a vector bundle 
E over M can be identified with linear (along fibers) functions on the dual E* , i.e. with linear sections 
of the bundle E* x R over E* . We can extend this identification to special affine bundles as follows. 

Theorem 13 For a special affine bundle A = (A,v'^) there is a canonical identification of special 
affine bundles 

A ~ AS(A#) ~ LS(At) 

dm < » 0-a„ < > CTa^ • (20) 

On the level of sections it takes the form 

Sec(A) ~ AffSec(A#) ~ LinSec(At), 

a < — > (Tq < — > da, (21) 

where 

Fi„ =iAt(a), 
Ft =tA#(a). 

This identification leads to the obvious identification of the corresponding model vector bundles 

V(A) = AfFM(A#/(lA);M) = HomM(At/(U); K)(= (At/(U))*) 
taking on sections the form 

where linear functions and affine functions on At/(lA) and A'^/(1a), respectively, are the 
projections of linear functions iAt(^) on A^ and affine functions iA^#{X) on A*, respectively. 
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Proof. The proof that these bundles are canonically isomorphic is just the combination of Theorems 
1121 and [TUI That the distinguished sections are preserved follows from 

Fi^^^„ =^At(a + «") = Fl^+iAt(«"), 
Ft^„„ =^A#(« + ^'")-F# +1. 

■ 

Corollary 1 For an affine bundle A and an AV-bundle Z over M there is a canonical identification 

AffM(^;Z) ~ A^HmZ. 

a 

Proof. Observe first that Ax^/Z is canonically a special afhne bundle and the identification mapping 

a 

^ graph induces the identification of AfFA/(yl; Z) with the space AS(Ax a/Z) of affine sections of the 

a 

associated AP-bundle ^XjvfZ over A . The latter is, due to the above theorem, canonically identified 

a — 

with the special affine bundle {Axm'^) O'^s^ view of Theorem |21 and Theorem II II 

(Axm^)* ^ A^MmZ* ~ A^^mZ. 

■ 

We will end up this section with presenting the above concepts in local coordinates. First of 
all, for a special vector bundle v(ry):V — (y,w°) M we choose a coordinate neighborhood U in 
M with coordinates x = {x'') and a basis (u^, . . . , u'', of local sections over U which contains the 
distinguished On fibers over J7 we have then the associated linear coordinates (y, s) = {yi, . . . ,yk, s), 
so the coordinates (x, y, s) on (\/(r]))^^ (U). We will call such local coordinates on V linear coordinates. 
These coordinates can serve as coordinates on r]^^{U) for any special affine bundle 77 : A = (A, v^) ^ M 
modelled on v(77) if we use the isomorphism of affine bundles I^r '■ A ^ V ^ V(y4) determined by a 
section a G Sec(yl). Such coordinates will be called local affine coordinates on A. The change of the 
section a results in the transformation of coordinates by a translation [x, y, s) 1— > {x, y + f{x), s + g{x)), 
so that objects of affine differential geometry should be defined in local coordinates invariantly with 
respect to this change of coordinates. On A we have linear coordinates {x, y, z, s) such that A is 
characterized by the equation z = 1. The canonical vector field on A has the expression Xj^ = —dg- 
Affine functions on A have the form 

'fiix, y, s) = a\x)y^ + '-f{x)s + P{x) 

and correspond to linear functions 

lp{x, y, z, s) = a\x)y^ + j{x)s + l3{x)z 

on A. Hence, {x^,a^, . . . ,q;'^,/3,7) represent coordinates on A^^. The distinguished section is Ia{x) = 
{x, 0, 1, 0). The affine subspace A* in A^^ is characterized by 7 = 1. 

If A = Z is an AV-bundle then the coordinates y are lacking and the affine function corresponding 
to the section a : s — (7{x) is Fcr(a;, s) = (t(x) — s. For the particular case of the AV-bundles AV(A'*) 
and AV(A^^) induced by a special affine bundle A we have coordinate expressions {x, a, (3) 1— > {x, a) and 
{x, a, (3, 7) {x, a, 7), respectively. The distinguished sections are described by the equation f3 = —1. 
The canonical pairing between A and A^ is 

((x, y, z, s), {x, a, /3, 7)) = y^a' + z[3 + 57, 

so that the canonical pairing between A and A# reads 

{{x, y, s), (x, a, P))sa = {{x, y, 1, s), (x, a, (3, 1)} = y^a' + P + s. 

In other words, tA# iO'){x, a, /3) = yi{x)a^ + l3 + s{x) for a section a(x) = (x, y{x), s(x)) of A. 
Affine (resp., linear) sections of the bundles AV(A^) and AV(At) have the form 

ct(x, a) — (x, a, yi(x)a^ + s(x)) and (t(x, a, 7) — (x, a, 7, yi(x)a^(x) + s(x)7). 
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respectively. The associated affine function ~ (a) on A"^ reads 

r^(x, a,[i) ^ (3 - yi{x)a'- - s{x) = ((x, a, P), (a;, -yix), -s{x)))sa 

and corresponds to the section a(x) = {x, —y{x), —s{x)) of A. Conversely, the section a{x) corresponds, 
by definition, to the affine section 

aaix.a) = {x,a,P - {{x,y{x), s(x)), (x, a, P))sa) = (a;, a, -2/i(a;)a' - s{x)) 

of A#. 

8 AV-differential geometry: the phase and the contact bundles 

The standard Cartan calculus of differential forms is based on the algebra of differentiable functions on 
a manifold M. We will start to build AV-differential geometry where for the Cartan calculus we replace 
functions by sections of an AV-bundle C: Z — > M modelled on the trivial bundle prM : M xl. This is 
our starting object whose sections Sec(Z) replace the sections of M x K, i.e. smooth functions C°°{AI) 
on M in the standard differential geometry. This chapter is based on |TUI IUr2j , where AV-analogs of 
the cotangent and contact bundles T*M and T*M x R have been introduced. 

One builds an AV-analog of the cotangent bundle T*M as follows. Let us define an equivalence 
relation in the set of all pairs (m, a), where m is a point in M and ct is a section of C- Two pairs (m, a) 
and (m', a') are equivalent if m' = m and d(cr' — cr)(TO) = 0. We have identified the section ct' — cr of 
PfM with a function on M for the purpose of evaluating the differential d(CT' — a){m). We denote by 
PZ the set of equivalence classes. The class of {rn,a) will be denoted by da{m) or by d„jCT and will 
be called the differential of ct at m. We will write d for the affine exterior differential to distinguish 
it from the standard d. We define a mapping PC: PZ — *■ M by PC(dCT(m)) — m. The bundle P^ is 
canonically an affine bundle modelled on ttm-T*M M with the affine structure 

dCT2(m) — dCTi(m) = d(CT2 — CTi)(m). 

This affine bundle is called the phase bundle of C,. A section of PC will be called an affine 1-form. 

Let a: M ^ PZ be an affine 1-form and let ct be a section of C- The differential dm(a — dCT) does 
not depend on the choice of ct and will be called the differential of a at m. We will denote it by da{m) 
or by dmOi. The differential of an affine 1-form a G Sec(PZ) is an ordinary 2-form da € ri^(M). The 
corresponding affine de Rham complex looks now like 

Sec{Z)^Sec{PZ)^n'^{M)^n^{M)^ . . . (22) 

and consists of affine maps. This is an affine complex in this sense that its linear part is a complex 
of linear maps, so that we can define the corresponding cohomology. The linear part of H22|l is a 
part of the standard de Rham complex (without its beginning consisting of the inclusion of R into 
C°°(M)). However, note that the cohomology of H22II can be defined without refereing to its linear 
part. Indeed, the problem is only with the first and the second cohomology space, since the rest is 
the standard de Rham complex. Denote the kernel (the inverse image of {0}) and the image of the 
affine map d : Sec(PZ) n'^{M) by Zi and B2, respectively. Zi is an affine subspace of Sec(PZ) 
and B2 is a vector subspace of the kernel ^2 of d : ri^(M) ri^(M). Moreover, the image Bi of 
d : Sec(Z) Sec(PZ) is an affine subspace in Zi. But the quotients of affine spaces are vector spaces, 
so that = Zi/Bi and = Z2/B2 are vector spaces. It is easy to see that we got nothing but the 
lacking first and second de Rham cohomology. 

Recall that the bundle Z can be considered as a principal bundle with the structure group (M, +) 
and the fundamental vector field of this action we have denoted by X^- Let us observe now that PZ 
represents the principal connection bundle of Z, i.e. there is a canonical identification of the affine 
space Sec(PZ) of sections of PZ with the affine space PConn(Z) of principal connections in Z. We 
will identify the space of principal connections with the space of connection 1-forms. In other words, 
PConn(Z) consists of those 1-forms on Z which are Az-invariant and j^(Az) = 1. Since we can add 
to V the pull-backs of 1-forms on A/, both affine spaces are modelled on the space Vi^{M) of 1-forms 
on M. 



16 



Theorem 14 There is a canonical isomorphism of affine spaces F : Sec(PZ) — > PConn(Z), with linear 
part being the identity on n^(M), such that for any section a of 7i 

where ¥cr{a') = a — a' . Moreover, 

dF„ = C*(da), 

so that the 2-form da € ri^(M) is the curvature form of the connection a € Sec(PZ). 
Proof. Indeed, since Xz{F„) = 1, dF„ G PConn(Z). Moreover, for / e C°°(M), 

Fd(<.+/) =d(F, + /oC), 

so that 

Fdcr+d/ = Fdo- + C*d/ 
and we can define F^ for arbitrary a G Sec(PZ) by F^ = F^a + C*{oi — da). Finally, 

dF« = d(Fda + C*(a - do-)) = Cd{a - da) = C*da. 

Conversely, if G PConn(Z), then i/ — da is a vertical and Xz-invariant one-form on Z for any section 
a of Z, thus v — da = C*(a*) for certain one- form fi on M. Then, i/ = Fq, for a = dcr + /i. ■ 

In local affine coordinates {x'^, s) on Z we have 

Fa<.(a:)dx« = aa{x)dx'' - ds. 

As we have noticed, there is a distinguished affine space Zi of closed affine 1-forms. It turns out 

that, like in the case of the cotangent bundle, they can be defined intrinsically as those sections of 
PZ whose images are lagrangian submanifolds with respect to a canonical symplectic structure on PZ 
which is defined as follows. 

For a chosen section cr of C we have isomorphisms 

/<,:Z ^ M X M, 

Ida-. PZ ^ T*M, (23) 

and for two sections a, a' the mappings Ida and Ida' differ by translation by d{a — a'), i.e. 

Ida'oI^^:T*M^T*M 
■ctm>-^Oim + d{a - a'){m). (24) 

Now we use an affine property of the canonical symplectic form lum on the cotangent bundle: trans- 
lations in T*M by a closed 1-form are symplectomorphisms, to conclude that the two-form 
Ida^M, where ojm is the canonical symplectic form on T*M, does not depend on the choice of a and 
therefore it is a canonical symplectic form on PZ. We will denote this form by loz- 

Theorem 15 An affine 1-form a G Sec(PZ) is closed if and only if a{M) is a lagrangian submanifold 
o/(PZ,a;z). 

Proof. Consider a section a G Sec(Z) and the corresponding isomorphism of affine bundles Ida - PZ — > 
T*M. With respect to this isomorphism any affine 1-form a corresponds to the true 1-form a — do- 
on M: Idrr{ct{m)) = a{m) — da{m). According to the well-known characterization, a — da is closed if 
and only if (a — do-)(M) is a lagrangian submanifod in (T*M, lom) so if and only if 

a{M)=I-^{{a-da){M)) 

is a lagrangian submanifold of (PZ,cJz), since Ida is a symplectomorphism. But, by definition, d(a — 
do-) = if and only if da = 0. ■ 
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Remark. It is obvious that PZ and PZ arc equal as manifolds. Let a be a section of Z. The same 
mapping interpreted as a section of Z will be denoted by a. Since a — cr' = a' — a, the isomorphisms 
/a^: PZ T*M and I^w- PZ T*M are related by I^a = -Ida- It follows that 

= Ida^M = -li^^UJM = -iOZ- 

There is no canonical Liouville 1-form on PZ (in the standard sense) which is the potential of the 
canonical symplectic form uz but there is such a form in the affine sense. To define this Liouville 
1-form let us build another canonical afiine bundle out of Z. 

We define another equivalence relation in the set of all pairs (m, ct). Two pairs (rn,a) and (rn',a') 
are equivalent if m' = m, a{m) = (j'{m), and d(tT' — <j){m) = 0. We can identify the equivalence 
class of (m, a) with the first jet of the section a with the source point m. We denote by CZ the set 
of equivalence classes. The class of (m, ct) will be denoted by ca{m) or by Cmcr and will be called 
the contact element of a at m. We define a fiber bundle structure over M defining the projection 
CC: CZ ^ M by CC(c(7(m)) = m. In other words, CZ is the first-jet bundle j^(C) of C,. This fiber 
bundle is canonically an affine bundle modelled on 7m: T*M®]R — > M with the affine structure defined 
by 

ca2{m) - cai{m) = {d{a2 — ai){m),a2{m) - (Ti{m)). 
This affine bundle is called the contact bundle of (. The pair (CZ, (0, 1m)) is a special affine bundle. It 

a 

is easy to see CZ = PZxmZ and that CZ/((0, 1m)) is canonically isomorphic to PZ (we just identify 
the points m in the equivalence relation) so we have the associated AV-bundle with the canonical 
projection (qz ■ CZ PZ. 

There is also a canonical projection 

fi: CZ Z, ^(ccr(m)) = o-(m), (25) 

which is a morphism of special affine bundles (cz'-CZ PZ and (-.Z ^ M over the projection 
C : PZ — > M on the level of base manifolds and there is a well-defined pull-back of sections of ( to 
sections of Ccz- Now we can define a section 6z of PCcz: PCZ — > PZ by 

ez{p) = dmt-i*cT, (26) 

PC(p) = ™) where cr is a section of ( which represents p G PmZ. In other words, for any section 
a e Sec(Z) 

0zida{m)) = d(^*cr)(d(T(m)). 

The affine 1-form 9z is called the Liouville affine form of CZ and defines the canonical contact structure 
of CZ. This affine 1-form over PZ is a potential for the canonical symplectic form on PZ. 

Theorem 16 d^z = i^z- 

Proof. Let us take a section ctq of Z. Using the identification Icaa '■ CZ — !■ T*M x R we identify the 
AV-bundle Ccz : CZ ^ PZ with the trivial bundle pr-^*J^^ : T*M x K ^ T*M. With this identification 
sections of Ccz are functions on T*M and /U* ctq = is a distinguished section of CcZ) so that sections 
of PCZ are standard 1-forms on T*M with the standard de Rham differential. Moreover, sections of Z 
are represented by functions on M, /x* is represented by ttm, and the symplectic form luz is represented 
by the standard symplectic form wm on T*M. 

Take a section cr of Z understood as a function on M. By definition. 6z{d(7{m)) = d(7r|,j(T)(dcr(m)) 
which means that 9z is represented by the true Liouville 1-form 6m on T*M. Hence, dOz = wz- I 

Remark. Note that the above proof does not imply that we can define a true canonical Liouville 1- 
form on PZ. Indeed, it is easy to see that the change of the initial section ctq into ctq with ctq = erg + / 
results, for the trivialization given by ctq, in translation of the Liouville 1-form: 6m >— >■ 6m — ti'm'^/- 
Thus, the true Liouville 1-form on T* M has no affine meaning (but its exterior derivative has such a 
meaning), since it is not invariant by translations by d7rM(/)). We put a geometrical meaning to the 
transformation rules of the Liouville 1-form defining its affine version. This explains perhaps better 
what an affine 1-form is. 
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The afSnc Liouvillc 1-form Ox can be interpreted as a canonical principal connection on the principal 
bundle Ccz : CZ — > PZ, thus as a canonical l-form tjcz = ^ez. on CZ. In any trivialization I^^ : CZ 
T*M X R and the standard Darboux coordinates {x"" ,ph, s) on T*M x R the affine Liouville 1-form has 
the standard expression 9z — Padx"^, so rjQz looks like the canonical contact form: rjQz ~ Padx'^ — ds. 
It can be also seen directly that the canonical contact form rjM = Padx"" — ds on T*M x R is affine in 
this sense that it is invariant with respect to translations of T*M x R by first jets of functions . We 
will call ricz the canonical contact form on CZ. Like every contact form, it induces a (contact) Jacobi 
bracket {•, ■}cz on CZ which in the above local coordinates reads 

r. . df dg dg df df dg dg df 

The corresponding Jacobi structure on CZ in this trivialization takes the form (A^ + Aj*^ A ds, —dg), 
where Am — dp^ A dx'^ is the canonical Poisson tensor on T*M associated with the syplectic form 
lvm and ~ Pa^Pa is the Liouville vector field on T*M (both regarded as tensor fields on 

T*M X R). Again, this Jacobi structure has an affine flavor, since the tensors are invariant with 
respect to translations in T*M x R by first jets of functions. 



9 Lie algebroids associated with AV-bundles 

The principal bundle structure of Z represented by the vector field Xz induces additional structures 
on functions, vector fields and, in general, differential operators on Z. For any manifold N denote by 
X{N) (resp., 'D^{N)) the space of all vector fields (resp., the space of all linear first-order differential 
operators) on N, i.e. acting on C°°{N). Clearly, X{N) = Sec(TA^) and 'D^{N) is the space of sections 
of the bundle LA^ = TA^ © R of linear first-order differential operators on A^ with the obvious action of 
{X + h)& Sec(LAr) = X{N) ® C°°{N) on functions on N given by (X + h)if) = X{f) + hf. 

Let us fix an AV-bimdle Z over M. The space Po^"(Z) of polynomials of order < n on Z is defined 
as the space of those smooth functions / on Z for which X^'^^{f ) = 0, so that we have the filtration 
Pol{Z) = PoZ"(Z) of the algebra of all polynomials. Note that in the affine case we have only the 
filtration and no canonical graduation of Pol{Z). In particular, the space Po^"(Z) is just the algebra 
Bas{Z) of basic functions on Z, i.e. functions that are constant along fibers (it will be often identified 
with the algebra of smooth functions on M) and Pol^{Z) is the space Aff(Z) of affine (along fibers) 
functions on Z. 

We have also natural subalgebras of the Lie algebra X{Z) of all vector fields on Z. The Lie algebra 
X{Z) of invariant vector fields on Z consists of those vector fields X for which [Xz, X] = 0. It is easy 
to see that, in local affine coordinates (a;", s) on Z, invariant vector fields have the form 

X = fa{x)da:a -g{x)ds, 

where the functions fa,g are basic. Vector fields from X(Z) can be viewed as sections of the vector 
bundle TZ = TZ/R which is the vector bundle over M of orbits of the tangent lift tp^i, of the (R, +) 
action (^on Z. Since the vector field Xz is invariant, it can be understood as a distinguished section of 
TZ, so TZ is canonically a special vector bundle. This is just the Atiyah vector bundle (and canonically 
a Lie algebroid) associated with the R-principal bundle Z. 

There is another natural subalgebra of the Lie algebra X{Z) of all smooth vector fields on Z, namely 
the subalgebra Xah{Z) of affine-hom,ogeneous vector fields, i.e. those vector fields X which preserve 
the filtration: X{Pol'^{Z)) C Po/"(Z). Of course, X(Z) C Xah(Z), since invariant vector fields lower 
the filtration: X{Pol^{Z)) C PoP~^(Z). Again, the space A'a/j(Z) is the space of sections of certain 

vector bundle LZ over M which can be identified with the bundle TZ®mZt = (TZ®m Z^)/{Xz — Iz), 
i.e. the special direct sum of the special vector bundles TZ and Z^. Indeed, it is easy to see that the 

sv ~ sv , 

class Y(Bip G Sec(TZ®MZ'''), where Y = fa{x)dx'^ — g{x)ds and (p{x,s) = a{x)s + f3o{x), is represented 

o 

by fa{x)dx'^ — {a{x)s + f3(x))ds with i3(x) = /3o(x) + g(x), so the vector field D = X + tpXz gives 
such an identification. 

Similarly, there is a natural subalgebra of the Lie algebra I>^(Z) = 'D^{Z), the subalgebra 'D\f^{Z) 

of affine-homogeneous first-order differential operators, consisting of those D E 'D^{Z) which preserve 
the filtration: D{Por{Z)) C Pol"{Z). Note that 2?<^^(Z) is canonically a Bas{Z) ~ C°°(M)-module. 
It is easy to see the following. 
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Proposition 2 There is a canonical splitting I>^^(Z) — Xahi'^) ® Bas{Z). Moreover, a vector field 
X on Ti is affine-homogeneous if and only if [Xz, [Xz,X]\ — and [Xz,X] is vertical. In local affine 
coordinates (a;°,s) on Z, affine-homogeneous vector fields have precisely the form 

X = fa{x)dj;a - {a{x)s + P{x))ds, 

and affine-homogeneous first-order differential operators the form 

D = fa{x)d.,. ~ {a(x)s + I3{x))ds + i{x). 

Note that the vector fields from Xah{'^) are projectable and the vector field X = fa{x)dx'^ — {a{x)s + 

o 

(3{x))ds projects onto the vector field X^ fa{x)dx'' on M. Before finding an appropriate bundle whose 
sections form 2?^^(Z) let us observe that the canonical Jacobi bracket {•, ■}z applied to affine functions 
(fijip ^ AfF(Z) gives a basic function. Indeed, since Xz{f) = = 0, we have 

XziW, V'lz) = XzifXzm - i^Xz{f)) = 0. 

Recall that the map F identifies sections of Z with AfF(Z). In particular, we can identify sections a of 
Z with affine functions F^r which satisfy XziF^) = 1, so that Sec(Z) ~ {(^9 e Aff(Z) : Xzi^p) = Iz}- 
We have the following bundle version of Theorem |51 obtained just fiberwise. 

Theorem 17 For all G AfF(Z) = Sec(Zt) and all u e Sec(Z) = Sec((Zt)*), 

{'/',F„}z = (0,^i). (28) 

There is a 'hamiltonian map' 

Aff(Z) 3^^T>^ = ^Xz- Xz{^) = W, -Iz e 2?i(Z) 

with the property 

D;p(F„) = {(^,F„}z {ip,u) 

for (p G AfF(Z), u S Sec(Z). Therefore we can consider Z^ as embedded in 2?;^^(Z). For a section a of 
Z we will write shortly instead of Df„ • 

In local affine coordinates, the Jacobi bracket of affine functions on Z takes the form 

{a{x)s + P{x),a {x)s + P'{x)}z — a{x)P'{x) — a'{x)P{x) 

and the differential operator associated to a{x)s + /3{x) E AfF(Z) reads 

^a{x)s+i3{x) = "(a;) - {a{x)s + P{x))ds. (29) 

w SI? — sv sv 

Now, we can extend the map D to sections of the bundle RZ = LZ®j\/ZT = TZ©MZ'''©j\/ZT by 

It is easy to see that this gives the identification of sections of RZ with 2?^^(Z). In local affine 
coordinates, 

Dfl = fa{x)dx^ - {{a{x) + a'{x))s + g{x) + (3{x) + 0{x))ds + a{x), 

sv sv 

where R — {fa{x)dx<^ — g{x)ds)®{a' {x)s + f3' {x))®{a{x)s + (i{x)). It is obvious that the commutator 
bracket of first-order differential operators induces a Lie algebroid structure on RZ with the anchor 

sv sv o 

(X©(/j®^)" = X- In local affine coordinates: 

[fa{x)dx^ ~ {a{x)s + I3{x))ds + i{x), f'a{x)dx^ - {a'{x)s + P'{x))ds + ^'{x)] = 

{f,{x)^{x) - fl{x)li^{x))dx^ - {{fa{x)§l^{x) - f'^{x)^{x))s 

+f,(x)^{x) - fL{x)^{x) + a{x)l3'{x) ~ a'{x)Pixm 

+ {fa{x)^{x)~f'M^{x)) 
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and 

Writing X = fa{x)dx'^ and representing fa{x)dx<^ ~ {a{x)s + f3{x))ds +7(2;) by {X, a, (3, 7) we can write 
shortly 

[(X,a,/3,7),(^',a',/3',7')] - {[X,X'],X{a')-X'{a),X{P')~X'{P) + aP' -a' P,X{i)~X'{^)). (30) 

Note that the distinguished sections Xrz = —dg and /rz ~ 1 are in this Lie algebroid ideal sections, i.e. 
these sections are nowhere-vanishing and the sections of the l-dimensional subbundles generated by 
Xrz and /rz are Lie ideals with respect to the Lie algebroid bracket. A special vector bundle (i?,Xo) 
equipped with a Lie algebroid structure such that Xq is an ideal section we call an ideal- special Lie 
algebroid. An ideal-special Lie algebroid for which Xq is a central section, i.e. Xq commutes with any 
section with respect to the Lie algebroid bracket, we call a special Lie algebroid. It is easy to see that 
ideal-sections define canonically 1-cocycles for the corresponding Lie algebroids. 

Proposition 3 // ATq is an ideal section of a Lie algebroid on the vector bundle E of rank > 1 over 
M, then there is a closed '1-form' (pXo G Sec(_B*) such that [Y,Xo] ~ (y, (/)X(,)A'o. 

Proof. Since [Aro,/F] = /[Aro,F] -I- p(Xo){f)Y and Xq generates a Lie ideal, the anchor p{Xo) 
vanishes if only rank{E) > 1. Thus [y,Aro] = ^{Y)Xq for certain function which linearly 

depends on F e Sec(£;) and ^{fY) = so $(y) = (y, 0) for certain G Sec(£;*). The '1-form' 

(f) is closed with respect to the Lie algebroid de Rhani differential, since, due to the Jacobi identity, 

$([ri,r2]) = p(ri)($(r2))-p(i2)(a>(ri)). ■ 

For the Lie algebroid RZ denote (t)XRz by (f>^. In local affine coordinates, {R, (jP) — a for R — fa{x)dx<^ ~ 
{a(x)s -\- (3{x))ds + 7(a;), so 0° is nowhere- vanishing. There is another canonical nowhere- vanishing 
closed '1-form' 0^ on RZ induced by the decomposition V^i^lZ) = XahC^) (B Bas{Z) , namely {(fi^^R) = 
7. Note that the form ipj^^^ is identically zero. 

The bundles TZ and LZ are subbundles of RZ characterized hy (fP — (p^ = Q and 4>^ — 0, respec- 

tively. On the level of realizations we have TZ = TZ©mI C LZ and LZ = LZQmI C RZ. Of course, 
TZ and LZ are Lie subalgebroids of RZ in every natural sense. Thus we have the chain TZ C LZ C RZ 
of Lie algebroids over M, canonically associated with Z, whose Lie algebras of sections are X{Z), 
XahCZi), and 2?;^^(Z), respectively. The bundle Z^ is the kernel of the anchor map in LZ, so Z^ is 
canonically a Lie algebroid with the trivial anchor. It is easy to see that the Lie algebroid bracket on 
Sec(Zt) = AfF(Z) is given by 

[v?,V] = {<^,V'}z. (31) 

Remark. The embedding of P;^^ (Z) into I?^(Z) corresponds also to a Lie algebroid morphism from 
RZ into LZ. This morphism, however, is of a different kind than morphism which are considered 
usually and which are associated with the standard morphisms of vector bundles, and it is represented 
by a relation, not a map. This kind of morphisms is the Lie algebroid version of the Zakrzewski's 
morphisms of groupoids (see jZakp . The Zakrzewski's morphisms of groupoids lead to satisfactory 
functors into C* -algebras (cf. |Staj ). 

^ sv , — sv ,sv , 

We can embed TZQmZ' into TZ(B m'^ (Bm'^ — RZ putting I not on the third place but on the 
second. The resulting subbundle of RZ we will denote LZ. It can be described as the one determined 
by the equation (p^ — cj/^ = and therefore it is also a Lie subalgebroid of RZ like every kernel of a 

— sv , 

closed nowhere- vanishing 1-form. The induced Lie algebroid structure on TZ©mZ' reads 
[X®^, X'®^'] = [X, X']®{X{^') - X'{^) + {(^, <fi'}z) 

~ sv , ^ 

and it is the same as the one obtained from the identification of TZQmZ^ with LZ. In other words, 
LZ and LZ are isomorphic Lie algebroids differently placed in RZ. The sections of LZ are first-order 
operators on Z having in local affine coordinates the form 

D = faix)d... - ia{x)s + f]{x))ds + aix). 

The natural isomorphism with LZ is just the restriction of the anchor map on LZ = TZ © M, i.e. 
where 

b= faix)dx^ - iaix)s + Pix))ds. 
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10 AfRne derivations and afRne first-order differential opera- 
tors 



Let us fix an AV- bundle : Z — > M. In the standard differential geometry the phase and the 

contact bundles T*M and T*M © R are representing objects for derivations and linear first-order 
differential operators on C°°{M), i.e. on sections of the trivial vector bundle M x R. By analogy, 
in AV-differential geometry by the bundle of affine derivations on Z (resp., the bundle of affine first- 
order differential operators on Z) with values in an affine bundle A we understand the affine bundle 
AffM(PZ;A) (resp., Aff m {CZ; A)) . Thus the affine space ADer(Z; A) of affine derivations (resp., the 
space ADO^(Z;^) of affine first-order differential operators) on Z with values in A is the space of 
sections of this bundle. We have an obvious action a i-^ D{a) of D G AfF(PZ; A) (resp. D € AfF(CZ; A)) 
on sections a of Z by D{(j) = D{da) (resp., D{(j) = D(c(t)). In the case A = MxR we speak just about 
affine derivations (resp., affine first-order operators) on Z and denote the (linear) space ADer(Z;R) = 
Sec(AfFM(PZ;M)) = Sec(PZt) (resp. ADOHZ;R) = Sec(AfFAf (CZ; M)) = Sec(CZt)) simply by ADer(Z) 
(resp., ADO-'-(Z)). It is obvious by definition that the linear parts of affine derivations (resp. differential 
operators) are true derivations (resp. differential operators) on C°°{M). It is also clear that these 
concepts can be extended naturally to a concept of a differential operator of arbitrary order. In this 
sense, the affine space ADO°(Z; A) of affine differential operators of order on Z with values in A is 
the space of sections of AffM(Z, A), so the differential operators of order with values in R are sections 
of Zt. 

To understand better the structure of the bundles of derivations and first-order differential operators 
let interpret them as certain bundles constructed out of Z in the way in which derivations of C°° (M) are 
interpreted as vector fields, i.e. sections of TM. Given an AV-bundle Z let us consider the cotangent 
bundle T*Z. The (R, -|-)-action cj) on Z can be lifted to an (R, -|-)-action </>* on T*Z, {4i*)r = (0-r)*- 
The fundamental vector field of this action we denote by Xj^^. The orbits [a^^] of this action form 
a vector bundle over M which we denote by T*Z. The sections of T*Z are represented by 1-forms on 
Z, invariant with respect to -^j*2;- Moreover, there is a canonical decomposition T*Z = T*Z Xm Z 
given by 

O^Zm {[<^Zm]^ ^m) (32) 

which shows that T*Z is canonically an affine bundle over M with respect to the projection C o ttz- 
This is a special affine bundle modelled on T*Z x I. In local coordinates (x", s) on Z and the adapted 
coordinates (a;",s,Pa,p) on T*Z, the lifted action reads {(j)*)r{x"',s,Pa,p) = {x"',s -\- r,Pa,p) and 
■^T*z ^ ^^s- Hence, (x'^,pa,p) represent coordinates on T*Z and the section pa = Paix), p — p{x), 
represents the invariant l-form pa{x)dx°' +p{x)ds on Z. The affine phase bundle PZ can be identified 
with the affine subbundle of T*Z in obvious way: 

PZ = {[azj e T*Z : Xz(z„)).„ = 1}. 

Hence, PZ ~ T*Z. The contact bundle CZ is an affine subbundle of T*Z = T*ZxmZ being the affine 

a 

product PZxmZ. 

We can do a similar procedure with the tangent bundle and obtain 

TZ = TZ Xm Z. 

The vector field Xz is invariant, so it serves as a distinguished section of TZ. Thus TZ is canonically 
a special vector bundle. Since TZ is dual to T*Z, it is obvious that TZ^ = PZ (or, equivalently that 
(PZ)^ — TZ), since sections of PZ are considered as invariant 1-forms u on Z such that v{Xz) = 1. 
Hence, ADer(Z) = Sec(TZ) = X{Z) is the space of invariant vector fields X on Z and their action 
on sections ct of Z is given hy X{a) o ( = ^(F,^). In local affine coordinates {x°',s) on Z for which 
Xz = —dg, we can write X = fa{x)dx'i + g{x)Xz, so that 

X{a) o C = {fa{x)dxa - g{x)ds){a{x) - s) = fa{x) — {x) + g{x). 

We will use the natural convention and denote the pull-back / o ^ of a function / e C°° (M) to a basic 
function on Z by F/. With this convention we can simply write Fx(cr) = X{¥„). 
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According to Theorem 11(3), CZt equals 



St) St) 

(PZ)t®MZt = TZeMZ^ 

StJ SU su 

so ADO^Z) = Sec(TZ©AfZt). The section D = X®ip e Sec(TZ©A/Zt) acts on ct e Sec(Z) by 
X{a) = X{(7) + If o a. We will identify this bundle with LZ, since we can interpret this action by 
D{a) o ( ^ (X + D;p)(Fcr). In local affine coordinates D has the form 

D = fa{x)d^a - {a{x)s + I3{x))ds + a{x) 

and its action on sections of Z reads 

Fz?(a) = D{a) o C - D{a{x) - s) = fa{x)-£^{x) + a{x)a{x) + p{x). 

In view of Corollary ^ (Section 7), 

ADer(Z; Z) = Sec(TZKMZ) = (TZxmZ)/(A:z - 1m). 
Section XMa' G Sec(TZKlMZ) acts on a e Sec(Z) by {X^a'){a) = X{a) + a'. The embedding F of 

~ — ~ sv 

Z into ZT induces the obvious embedding of TZKImZ as an affine hyperbundle TZ in TZ©a/Zt. If we 
identify the last bundle with LZ, then TZ can be interpreted as an affine hyperbundle in LZ and its 
sections can be interpreted as first-order differential operators on Z of the local form 

X = faix)d,^ + is^l3ix))d,. 

Their action on sections of Z is given by 

da 



5) = X{a{x) -s) = fa{x)j—{x) + (5{x) 



so 

X{a){x) = U{x)^^{x)+P{x). 

Similarly as above, we get ^ 

AfF(CZ;Z) = (CZ)tKAfZ = LZKa/Z, 

so that _ 

ADO^(Z; Z) = Sec(LZHA/Z). 

An element U DMa' e Sec(LZSAfZ) acts on a e Sec(Z) hyT3{a) = D{cT)+a' . Again, the embedding 
F : Z ^ Z^ induces the obvious embedding of LZKIa/ Z as an affine hyperbundle of the vector bundle 

~ sv _ 

LZ©a/Z' — RZ. This bundle we will denote shortly LZ, so that, with respect to this identification, 
ADO-'-(Z;Z) is the space of sections of LZ, i.e. the space of first-order differential operators on Z of 
the local form 

D = fa{x)d^. ~ {{a{x) ~ \)s + P{x))ds + a{x). 

Then, 

'^D{a){x^s) fa{x) — {x) + a{x)a{x) + I3{x) - s, 

so 

Dia){x) = f,{x)^{x) + a{x)a{x) + ^{x). 

We can summarize all these observations as follows. 

Theorem 18 Let Z be an AV-bundle over M . There are subbundles o/RZ.' vector subbundlesTZ, LZ, 
LZ and affine subbundles: TZ modelled on TZ and LZ modelled on LZ, characterized by <jfi = (j)^ = 0, 
(j)^ — (jp = 0, (j)^ — Q, (jp = 1 and (j)^ = Q, 4>^ — (jP = 1 , respectively, such that 



(a) ADer(Z) = Sec(TZ) = X{Z), 

(b) ADer(Z;Z) = Sec(TZ), 
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(c) ADOi(Z) = Sec(LZ), 

(d) ADOi(Z;Z) = Sec(LZ), 

and the action a ^ D{a) of sections D of these bundles, regarded as elements o/Sec(RZ) — 2?^^(Z), 
on sections a of 7i is given by 

Remark. Of course, the vector bundle Z^ (whose sections represent ADO°(Z)) and the affine bundle 
Z^KljvfZ (whose sections represent ADO°(Z;Z)) are also subundles of RZ contained in the kernel of 
the anchor map. 

11 Canonical Lie afFgebroids associated with AV-bundles 

In the standard differential geometry the canonical Lie algebroid associated with a manifold M, or 
better, with the trivial bundle M x M, is TM . With an AV-bundle Z we have associated the bundle 
TZ. Sections of TZ are interpreted as affine derivations on sections of Z. The bundle TZ carries a 
canonical Lie algebroid structure like every Atiah bundle of a principal bundle. The Lie bracket is 
inherited from I?^(Z). The bracket can be also described in terms of affine derivations: 

[X, X'] ^X^oX' ~ (X')v o X, 

where Xy is the vector part of the affine derivation X : Sec(Z) C°°{M) (which represents also the 
anchor oi X). 

Similarly, the bundle LZ is also canonically a Lie algebroid with similarly defined bracket 

[D,D']=DyoD' -{D')yoD, 

where Dv : C°°(Af) ^ C°°(M) is the vector part of Z) G ADOHZ). 

Recall that the distinguished sections Xrz = —ds and /rz = 1 are in the Lie algebroid RZ ideal 
sections^ i.e. these sections are nowhere-vanishing and the sections of the 1-dimensional subbundles 
generated by Xrz and /rz are Lie ideals with respect to the Lie algebroid bracket. The closed '1-form' 
corresponding to Xrz we denote by cfP . 

The special affine bundles TZ and LZ also carry canonical algebraic structures, represented by the 
commutators of their sections regarded as affine maps D : Sec(Z) Sec(Z): 

[D,D'] = DoD' - D' oD. 

These structures can be recognized as Lie affgebroid structures. Recall (cf. |GGU| 1 that an affine Lie 
bracket on an affine space ^ is a bi-affine map 

[■,■]■■ Ax A ^\/iA) 

which is skew-symmetric: [cri, (T2] = — [cr2, fi] and satisfies the Jacobi identity: 

[CTI, [cr2,Cr3]]J + [(72, [0-3,^1]]^ 4- [cts, Wl,<^2]]l = 0, 

where [•, -J^ is the affine-linear part of the biaffine bracket. An affine space equipped with an affine Lie 
bracket we shall call a Lie affgebra. Note that the term affine Lie algebra has been already used for 
certain types of Kac-Moody algebras. 

If A is an affine bundle over M modelled on V(A) then a Lie affgebroid structure on A is an affine 
Lie bracket on sections of A and a morphism j: A ^ TM of affine bundles (over the identity on M) 
such that [a, -J^ is a quasi-derivation with the anchor 7(cr), i.e. 

[aJX]l = f[a,X]l+jia){f)X 

for all cr e Sec (A), X e Sec(V(A)), / e C°°(M). 

Remark. The above definition is a slight generalization of the one proposed in |MMS1I IMMS2| where 
the additional assumptions that the base manifold M is fibered over M and that 7(17) are vector fields 
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projectable onto ^ have been put. On the other hand, one can try to define Lie afFgebra as a skew- 
symmetric (in the affine sense) bracket [•, ■]a on Sec(A) with values in Sec(^) satisfying the Jacobi 
identity of the form 

^ sgn{uj)[a^(i),[a^(2)icru{3)]a]a =0. 

The l.h.s. of the above equation is a vector combination of elements of Sec(A), so the identity makes 
sense. The problem with such definition is that, as we already know, any skew-symmetric operation 
on Sec(^) defines automatically an element cto G Sec(A), ctq — W, f], and we get such a bracket in the 
form [cri,(T2]a = [o'i,a2] -l- ctq, where [•, •] is the Lie affgebra bracket in the version we started with. 
Fixing (To is usually too much (we just get a trivialization of the affine space) for applications and 
canonical examples, so we remain with the weaker definition. 

Example 1. Every AV-bundle Z carries a canonical Lie affgebroid structure induced by the affine 
structure. The bracket of sections cr, cr' of Z is just [a, a'\ = (cr — cr'). 

The following fact has been proved in |GGUj . Theorem 11. 

Theorem 19 A map [•, •] : Sec(yl) xSec(y4) — > Sec(V(A)) is a Lie affgehroid bracket on an affine bundle 
A if and only if there is an extension of this map to a Lie algebroid bracket [■, on A such that 

[Sec(l), Sec(l)]^ C Sec(V(A)). (33) 

Moreover, J23^ equivalent to the fact that l^i G Sec(ylt) — Sec(yl*) is a closed one- form. 

The Lie algebroid {A, l-,-]^) is uniquely determined by the Lie affgebroid {A, [■,■]) and we will call it 
the Lie algebroid hull of {A, [•,•]). 

Example 2. The Lie affgebroid bracket on Z from the previous example extends to a Lie algebroid 
bracket on Z. This bracket can be expressed by means of the canonical Jacobi bracket on Z by 
F[„,ti'] = {F„, Fu'}z- 

Since the affine subbundles TZ and LZ in the Lie algebroids LZ and RZ are defined as the 1-level 
sets of (p'^ and (j)^ — 0°, respectively, we get the following (cf. jGGUj V 

Theorem 20 The special affine bundles TZ and LZ carry canonical Lie affgebroid structures for which 
the brackets are the commutators in ADer(Z; Z) and ADO"'"(Z; Z), respectively. The Lie affgebroid hulls 
of TZ and LZ are LZ and RZ, respectively. 

12 AfF-Poisson and afF- Jacobi brackets 

The idea of an affine analog of a Poisson bracket goes back to jUrl| but we will mainly follow the 
picture described in |GGU| . 

Let Z be an AV-bundle over M. An affine Lie bracket on Sec(Z) 

{•,•}: Sec(Z) X Sec(Z) C°°(M) 

is called an aff-Poisson [vesp.aff- Jacobi) bracket if 

{(7,-}:Sec(Z) ^ C°°(M) 

is an affine derivation (resp. an affine first-order differential operator) for every a G Sec(Z). 

We use the term aff-Poisson, since affine Poisson structure has already a different meaning in the 
literature. 

Example 3. Every AV-bundle Z carries a canonical aff- Jacobi bracket determined by the affine 
structure: 

{a,a'} ^ a - a'. (34) 
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Theorem 21 \GGU!/ For every ajJ-Poisson (resp. ajJ-Jacobi) bracket 

{•, •}: Sec(Z) X Sec(Z) ^ C°°(A/) 

its vector part 

{•, -Iv: C^{M) X C°°{M) ^ C°°{M) 
is a Poisson (resp. Jacobi) bracket. Moreover, 

{(T,-}l:C°^{M) C°°{M) 

is a derivation (resp. first-order differential operator) for every section a G Sec(Z), which is simul- 
taneously a derivation of the bracket {•, -jv Conversely, if we have a Poisson (resp. Jacobi) bracket 
{•, -jo on C°^{M) and a derivation (resp. a first- order differential operator) 

D:C°°{M) C°°{M) 

which is simultaneously a derivation of the bracket {■,■}(), then there is a unique aff-Poisson (resp. 
aff-Jacobi) bracket {•, •} on Sec(Z) such that {-j-lo = 'jv md D = {<J, ■}y for a chosen section 
a e Sec(Z). 

Using a section ao to identify Sec(Z) with C°°{M), we get that the aff-Poisson (resp. aff-Jacobi) 
bracket on Sec(Z) has the form 

{a, a'} = - a) + {(T,cr'}v, 

where D is a vector field (resp first-order differential operator) which is a derivation of the Poisson 
(resp. Jacobi) bracket {-^-^y. 

Example 4. Every Poisson (resp., Jacobi) bracket on C°°{M) can be interpreted as an afF- 

Poisson (resp., afF- Jacobi) bracket {•, •} on sections of the trivial AV-afRne bundle M x I. In this case 
the trivialization is canonical, D — Q and {•, •} — {•, -Ia/ . 

Theorem 22 Let ( : Z M be an AV-bundle. Then, 

(1) there is a one-to-one correspondence between aff-Poisson brackets {■^■}aP on Sec(Z) and Poisson 

brackets {•, -jn on C°°(Z) which are Xz-invariant, i.e. which are associated with Poisson tensors 
n on Z such that £xz^ = 0- This correspondence is determined by 

{<J,a'}aPoC = {F,,F„,}n; (35) 

(2) there is a one-to-one correspondence between aff-Jacobi brackets {^-jaj on Sec(Z) and Jacobi 
brackets {•, - jj on C°°(Z) which are associated with Jacobi structures J — (11, F) on Z such that 
£x-zX — 0''^^ £xz^ = r A Xz. This correspondence is determined by 

{a,a'}ajoC^{F,,F,,}j; (36) 

Proof. We will prove only part (2). The proof of (1) is analogous but easier. Since all objects are 
local over M, we can use local affine coordinates (x°, s) on Z in which Xz = —ds and identify sections 
cr of Z with functions cr{x), so that F„{x, s) — cr(a;) — s. We will identify functions on M with basic 
functions on Z. Assume first that {•, - jaj is an aff-Jacobi bracket on Sec(Z). According to Theorem 

o 

1211 there is a Jacobi structure Jq = (IIo, Po) on M and a first-order differential operator D ~ D + / on 
M such that {a, a'}aj — D{a — a') -I- {ct, cr'}jo- The equation lp!Hjl can be rewritten in the form 

no(a, a') + aPo(a') - aTo(a) + D{(t - a') + f{a - a') = 
n(CT - s, cr' - s) + (ct - s)T{a' - s) - (cr' - s)r((T - s), 

which has a unique solution J = (11, P), namely 

n = Ho + a, A (i? - sPo), P = Po - fd,. 
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It is easy to see that the Jacobi identity for {•, impUes the Jacobi identity for {•, - jj and that this 
solution has the required properties with respect to £x-z.- 

Conversely, assume that J is a Jacobi structure on Z. The conditions £x-zX = and £x-z^ = TAXz 
imply that fxziiif^ ^ •s), (f' — = 0, i.e. {{a — s), {g' — s)}j is a basic function, so that 

defines a bracket on Sec(Z). It is easy to see that this bracket is an aff- Jacobi bracket. I 

Note, that every skew-symmetric afhne bracket {•, •} is uniquely determined by {cr, -IJ, namely 

{a,a'} = {a,a'-<T}2. (37) 

For an aff-Poisson bracket on sections of Z the mapping / ^ {ct, /}^ is a derivation of the algebra 
C°°(Af), hence a vector field on M. We denote it by and we call it the hamiltonian vector field of 
a. 

Example 5. The canonical Poisson structure 11 on the cotangent bundle T*M is invariant with respect 
to translation by the vertical lift cnj^t^j^ of any closed 1-form a G Sec(T*M). If a is nowhere- vanishing, 
we can consider the corresponding AV-bundle Z = AV(T*M) for which Xz is the vertical lift of a, 
i.e. Xz = Qfj^^j. Hence, the AV-bundle Z, i.e. C : T*M — > T*M/{a), carries a canonical aff-Poisson 
structure with the bracket H35|) . Since, for any section cr of Z and for any function / on T*M/{a), 
we have ({cr, f}ap)y ° C — {F^, / o the hamiltonian vector field X„ on T*AI/ (a) induced by the 
section a is the projection of the hamiltonian vector field on T*M induced by Fo-. 

In the theory of Lie algebroids it is well-known that a Lie algebroid brackets [•, •] on the vector 
bundle E are in a one-to-one correspondence with linear Poisson brackets {•,•} on E* . Linearity of 
the bracket means that the bracket of linear functions is a linear function and the correspondence is 
described by 

{t^=K(Xl), t^*(X2)} = L^:lf{[Xl, X2]), 

where L^jf{X) denotes the linear function on E* associated canonically with X G Sec(i?). In jGIM| it 
has been shown that this correspondence can be extended to a one-to-one correspondence between Lie 
algebroid brackets on E and affine Jacobi brackets (bracket of affine functions is an affine function) on 
an arbitrary affine hyperbundle A of E* . In the case of special affine bundles we have an analogous 
correspondence which refers to Theorem 1131 

Let A = {A, be a special affine bundle over M. There is an obvious identification of a section X 
of V(A) with a linear function i^t (X) on A^ and an affine function {X) on A"^ which are invariant 
with respect to translation by 1a, so they are pull-backs of a certain linear function and an affine 
function on A'''/(1a) and A'^/(1a), respectively. 

Theorem 23 iGGUf There is a one-to-one correspondence between Lie ajfgebroid brackets [■,-]a on 
a special affine bundle A and 

(1) linear aff-Poisson brackets {■,-}a.'i on the AV-bundle AV(At), i.e. on p^iA^ — > At/(lA), deter- 
mined by 

4a,a']A " 'LO'a-O'Q'lAt; (38) 

(2) affine aff-Jacobi brackets {■,-}a# on the AV-bundle AV(A'^), i.e. on p: A'^ — > A'^/(1a), deter- 
mined by 

i.a'U^ {<^a:Cra'}A*- (39) 

This aff-Jacobi bracket is aff-Poisson if and only if the section vq is central in the Lie algebroid 
hull A o/ A. 

Remark. Here we call an aff-Poisson (resp., aff-Jacobi) structure linear (resp., affine) if the bracket 
of linear sections of p^: A^/ (1a) (resp., the bracket of affine sections of p: A* — > A'^/ (1a)) is a 

linear function on A"^ /{l^) (resp., it is an affine function on A#/(1a)). 

Proof. Part (1) has been proved in |GGm| . Theorem 19, so [•, -Ja induces certain aff-Poisson bracket 
'lAt- According to Theorem 1221 there is a Poisson tensor H on A^ which corresponds to the aff- 
Poisson bracket {-j-lAt- This tensor is, clearly, linear and it is invariant with respect to the vector 
field X'^ = (lA)At - the vertical lift of the section 1a. Now, we use the result |GIM| . Corollary 3.6, 
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which impHes that there is a one-to-one correspondence between linear Poisson brackets {•, -jn on 
and afhne Jacobi brackets {•,•},/ on A"*^ such that 

{u,v}n |a#= {u \a*,v |a#}j 

for all linear functions u,v on . The Jacobi structure J = (Ho, To) is the restriction to A'^ of the 
Jacobi structure (H -I- F A AA.t,r), where F = -jn is the Hamiltonian vector field of the linear 
function i^A^i'^'^) ^ Sec(V(A)) which defines the afhne hyperbundle A'^ in A^ and A^t is the Liouville 
(Euler) vector field on the vector bundle A''^. The crucial point is that X'^ preserves 11 if and only if it 
preserves F and 

i:xt(n + rA AAt) = rAxt. (40) 

Indeed, since the vector field X''^ preserves H, and the function i^t {v^) due to the fact that -'^'^(tA+ i'^^)) 
is the pull-back of (1a, v^) = 0, it preserves also F, i.e. i'xtT = 0. Moreover, since is a vertical lift, 
i^xtAAt = X^. Thus we get (pn|l and, due to Theorem |2SIb) , we get an aff-Jacobi bracket {-j-Ia* 
on AV(A*). It is easy to see that it satisfies H39(l . The converse is proved by a similar reasoning in 
reversed order. Passing to the restrictions to A* we get, in view of H22|l . that J corresponds to an 
aff-Jacobi bracket on sections of p. Since F- |a#= '^f i f^e theorem is proved. ■ 

Example 6. The canonical Lie affgebroid structure on Z given by [a, a'] = {a' — a) induces an 
aff-Poisson structure on the AV-bundle AV(Z'I^) and an aff-Jacobi structure on AV(Z*) = Z. The 
corresponding linear Poisson structure on Z^ (resp., affine Jacobi structure on Z) is 11 = Azt A Xz 
(resp., J= (0,Xz)). 

Example 7. Consider the Lie algebroid structure on TZ as a Lie affgebroid structure on the special 
affine bundle (in fact, special vector bundle). The special affine dual (TZ)^ is PZxI, so AV((TZ)'^) 

a 

is the trivial AV-bundle over PZ. The corresponding aff-Jacobi bracket on PZxI is the aff-Poisson 
bracket induced from the canonical Poisson structure on PZ associated with the canonical symplectic 
structure. 

Example 8. Recall that we have the identification TZ ~ TZHmZ = (PZ)^Kl7\/Z, so that, according 

to Theorem El (TZ)# = PZxmZ*. The corresponding AV-bundle is p : PZxmZ* PZ. But 

PZxmZ* = PZxmZ = CZ, so that AV((TZ)#) = AV(CZ). The special affine bundle TZ is canonically 
a Lie affgebroid, so, due to the above theorem, AV(CZ) is equipped with a canonical aff-Jacobi structure. 
It is easy to guess that this is the structure corresponding, via Theorem 1221 to the canonical Jacobi 
bracket (|27|l on CZ associated with the canonical contact form which, in turn, is represented by the 
affine Liouville 1-form. Indeed, let (x",ph,s) be standard affine coordinates on CZ induced from the 
Darboux coordinates in T*AI x M and let (a;°, /h, /3) be the coordinates in TZ representing the vector 
field 

X = fa{x)d^a +{s~- (3{x))ds G Xah{Z). 

The duality between TZ = (PZ)t^MZ and CZ = PZxa/Z is given by {{x'' , fb, P), {x'' ,pb, s))as = 
faPa + P - s SO that i*2{X){x°-,pb, s) = fa{x)pa + P{x) - s and ax{x°-,Pb) = {x°-,Pb, fa{x)pa + P{x)). 
Since the Lie affgebroid bracket in TZ reads 

[X,X']j^ = [fa{x)d,^ + {s-(3{x))dsj;,{x)d,. + {s-p'{x))dsWiz) 

the corresponding Jacobi bracket on CZ is uniquely characterized by 

df 

{fa{x)pa+m~sJl,ix)Pb+P'{x)-s}j = Paifb{x)jfj;{x) 

ox" 

+ ifaix)^ix) 

It is easy to check that this is exactly the Jacobi structure 

J = (dpa A + Padp^ A ds, -ds), 
i.e. the Jacobi structure of the contact 1-form Padx"" — ds. 



-fLix)-^ix)+m-P'ix)). 
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13 AfF-Poisson and afF-Jacobi (co) homology 



Let Z be an AV-bundle over M . It is obvious that afRne biderivations on Z are afiine derivations on 
Z with values in ADer(Z), i.e. sections of the bundle 

AffM(PZ; TZ) = HomM(PZ;TZ)) = (PZ)t ®m TZ = TZ ®m TZ. 

In this picture, skew-symmetric affine biderivations are sections of /\^ TZ. Similarly, affine first-order 
bidifferential operators on Z are sections of /\^ LZ. Since both, TZ and LZ, are Lie algebroids, there 
are the corresponding Lie algebroid Schouten brackets |-, -Jy^ ^.nd |-, -Jy^ on the Grassmann algebras 
A(TZ) = 0„A"(TZ) = 0„Sec(A"TZ) and A(LZ) = 0„ Sec(A" LZ)^of the vector bundles TZ 
and LZ, respectively. What will be crucial here is that the Lie algebroid LZ possesses additionally a 
canonical closed '1-form' (fp inherited from RZ (in fact, (fp = (j>^ on LZ) which makes it into a Jacobi 

algebroid with the Schouten- Jacobi bracket |-, 'l^^' 

Remark. The Jacobi algebroids have been introduced by Iglesias and Marrero |iM| under the name 
generalized Lie algebroids and recognized as graded Jacobi brackets in |GM1[RjM2| . For the definitions 
and details we refer to these papers or to the article '^GU3 which contains a brief introduction to the 
theory of Jacobi algebroids, the corresponding lifts of tensors and canonical structures. 

Theorem 24 

(a) K E Sec(/\^ TZ) represents an aff-Poisson structure on Z if and only if |A, A] — 0- 

(b) E Sec(/\ LZ) represents an aff- Jacobi structure on Z if and only if i^l^^ ^ ^' 

In other words, aff-Poisson and aff- Jacobi structures are canonical structures for the Lie algebroid TZ 
and the Jacobi algebroid (LZ, (/)"), respectively. 

Proof. (a) We will use a trivialization of Z to identify TZ with LM = TM © R and we will use 
the expression D = (X,/3) G Sec(LM) = X{M) x C°°(M) for sections D of TZ (see the convention 
preceding H3U|) ). The action on cr G Sec(Z), identified with functions on Af , reads D{a) = X{a) -\- (3. 
With respect to this identification, sections of TZ commute exactly as sections of LM, i.e. (cf. (1201) 

[(X,/3), (X',/3')]tz = {[X,X']jM,X{p')-X'm. 

Since TZ is identified with A^(TM©R), elements A e Sec(A^ TZ) are of the form A = Aq-^Az AAq, 
where Az = (0,1), Aq € Sec(A TM) is a bivector field on M and Aq is a vector field on M. The 
bi-section A induces the bracket 

{cr, a'} A = {cr, ct'Iao + Aq (cr' - (j). 

In view of Theorem |^ this is an aff-Poisson bracket if and only if Aq is a Poisson tensor and 
|Ao,Ao]"^^ = 0, where |-,-]'^^ is the Schouten-Nijenhuis bracket, i.e. the Lie algebroid Schouten 
bracket for TM. But these conditions are equivalent to |A,A]:j-2 = 0. Indeed, since Az is a central 
section, 

[A,A1^2 - IAo,Ao]tz + 2IAo,AzAAo]tz + IAzAAo,AzAAo1tz 
= IAo,Aof^-2AzAlAo,Aof^, 

that vanishes exactly when |Ao, Aq^^ = and |Ao, Aq]-^^ = 0. 

(b) Similarly as above we use an identification LZ ~ L©E and the expression D — (A, /3) S Sec(LM©jv/ 
M) = Di(M) X C°°(M) for sections D of Cz. The action on cr € Sec(Z) reads D{a) = X(a) + f3. With 
respect to this identification, sections of LZ commute like 

[(A,/3),(A',/?')]lz = ([A,A']lm,A(/3')-A'(/3)). 
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Elements J G Sec(A^ LZ) are of the form J = Jo + A Dq, where = (0, 1), Jo G Sec(A^ LM) 
is a first-order bidifferential operator on M and Z?o is a first-order differential operator on M. The 
Schouten-Jacobi bracket |-, -J^^ restricted to LM gives the canonical Schouten-Jacobi bracket |-, -Jl^^ 
on A(LA/) for which canonical structures are Jacobi structures on M (cf. |GM1 |). The section J 
induces the bracket 

{o-,cr'}j = {cr,cr'}jo + -Do(cr' - a). 

,0 

This is an aff- Jacobi bracket if and only if Jo is a Jacobi structure and l^^o, Jo]Lj\/ = ^ (Theorem 
I21|l . But these conditions are equivalent to | J, J]||^ = 0. Indeed, since X-z is an ideal section such 

that XzIlz = <^°(-D)^z, we have -'^z]^^ = -'^z A i^oi? for any i? e Sec(A(LZ)), and, due to the 
properties of the Schouten-Jacobi brackets, 

I J, Jlf ° - I Jo , Jolf ^ + 2 1 Jo , Xz A i?olf ^ + I^z A Z?o , A I?o]f ^ 

= iJo, Jolf^ + 2(lJo, Xzlf^ A i^o - ^z A iJo, i^olf^ ~ *0"^o A Xz A i?o) 
= |Jo, JoIla/ - 2Xz A |Jo, XoIlmj 

that vanishes exactly when |Jo, JoJla/ = I«^o, -'^oIlm = 0, i.e. when Jo is a Jacobi structure for 
which _Do acts as a derivation of the corresponding Jacobi bracket I 

Since aff-Poisson and aff-Jacobi structures have been recognized as canonical structures, we can 
apply results of |GU3| to characterize them in terms of induced morphisms of vector bundles, and 
results of |GM1I IGM2| to define the corresponding cohomology and homology. 

For Y G Sec(A(TZ)) denote by its Lie algebroid complete lift to a multivector field on TZ (see 
|GUll[nU2] or the survey in |GU3p . Similarly, for Y e Sec(A(LZ)) denote by Y^o its Jacobi algebroid 
complete lift to a first-order polydifferential operator on LZ (see |GMlj or the survey in |GU3p . Let 
A J* 2 be the canonical linear Poisson structure on T*Z representing the Lie algebroid structure on TZ 
and let J^^^^, the canonical homogeneous Jacobi structure on the dual L*Z of LZ representing the 
Jacobi algebroid structure on LZ. 

Theorem 25 

(i) A E Sec(/\^ TZ) represents an aff-Poisson structure on Z if and only if the tensors A^h^z '^^^ — A'^ 
are ftA-felo-ted, where Ua : T*Z —^ TZ, jjA(/^m) = ifimA{m). 

(a) E Sec(/\^ LZ) represents an aff-Jacobi structure on Z if and only if the first-order bidifferential 
operators Jl*z '^'^'^ "J^" '^j-related, where jjj : L*Z LZ, ttj(ti^m) = iu„T,J{m). 

Theorem 26 

(a) A E Sec(/\^TZ) represents an aff-Poisson structure on Z if and only if the graded operator 
9a{Y) = |A, of degree 1 on A(TZ) is a cohomology operator, i.e. (9a)^ = 0. 

(b) J E Sec(/\^ LZ) represents an aff-Jacobi structure on Z if and only if the graded operators 
dj{R) = |J, -^1^2 ^^4>"'^ A R of degree 1 on A(LZ) are cohomology operators for all t G M, i.e. 

{dyf = 0. 

Proof. The implication "if is essentially the graded Jacobi identity applied to the bracketing with 
canonical structures. The other follows from the fact that the corresponding Schouten and Schouten- 
Jacobi brackets have no central elements among 3-tensors. ■ 

The cohomology associated to 9a we will call the aff-Poisson cohomology. The cohomology associated 
to d'j (resp. d\j-) we will call aff-Jacobi cohomology (resp., aff- Lichnerowicz- Jacobi cohomology). 

For any Lie algebroid structure on a vector bundle E denote by i^y the corresponding Lie differential 
£y = If o ds — (— l)l^ldE o iy with respect to the multisection Y G Sec(/\'^' E). Here and further 
|y| denotes the degree of the tensor Y. 
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Theorem 27 

(a) K E Sec(/\^ TZ) represents an aff-Poisson structure on Z if and only if the Lie differential 

which is a graded operator of degree -1 on A(T*Z), is a homology operator, i.e. {£a)'^ = 0. 

(b) J E Sec(/\^ LZ) represents an aff-Jacobi structure on Z if and only if the Jacobi-Lie differential 

£p\u;) = £j{lo) + + t)i,^,j{u:) + 0° A ij{uj), 
which is a graded operator of degree -1 on A(L*Z), is a homology operator for each t G K, i.e. 

Proof. The part "if follows from the identities (see jGM2| ) 

2(£a)^ = -"f|A,Al=f2 

and 

^^^^ > " ^u.jC 

The other part follows from the fact that passing to the Lie differentials in the algebroids in question 
is injective for 3-tensors. I 

The homology associated with £\ we will call aff-Poisson homology. The homology associated with 
£j we will call aff-Jacobi homology. 

Aff-Poisson and aff-Jacobi structures give also rise to the corresponding triangular Lie bialgebroids 
and Jacobi bialgebroids (cf. |MXllGMllllM| '). We wiU not go into the details here. 



14 Applications 

Example 9. ( |TUI IUr2| ) In gauge theories potentials arc interpreted as connections on principal 
bundles. In the electrodynamics the gauge group is (R, -I-) and the potential is a connection on a 
principal bundle C,:Z ^ M over the space-time M, i.e. on an AV-bundle Z = (Z, 1m) over M. An 
electromagnetic potential is a section a: M PZ. 

According to |Wej . the phase manifold for a particle with the charge e G M is obtained by the 
symplectic reduction of T*Z with respect to the coisotropic submanifold 

Ke = {peT*Z:{p,Xz) = -e}. 

Let us denote by PgZ the reduced phase space. It is easy to see that it is an afRne bundle modelled 
on T*M. We show that PgZ is the phase bundle for certain special affine bundle Zg. 

a 

First, let Y = Zxl be the trivial AV-bundle over Z. We define an R-action on Y by the formula 

(Z X K) X K 9 ((z, r),t) {z + t,r + te) (E Z xR = Y. 

The space of orbits is an affine bundle modelled on M x M and denoted by Z^. We denote by Ce the 
canonical projection Ze — > M. The distinguished section of V(Y) (the function Iz) projects to the 
constant function Im and the canonical projection Xg'.Y Ze is a morphism of special affine bundles 
Y — !■ Ze = (Ze, 1m)- The induced M-action on Ze has the form 

Xe{z, r) + s = Ae(z, r + s) = Ae(z + t,r + s + te). 

For e = the bundle Zg is trivial: Zq = M x R and for e 7^ we have a diffeomorphism 

$e:^^^e, :z^Ae(z,0). 
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The diffeomorphism $e is an isomorphism of the special afRne bundle {Z, —^Ij^j) onto Z^: 

$e(z - -r) = Ae(z - -r, 0) = Ae(z, r) = Ae(z, 0) + r = $,,(2) + r. 
e e 

In particular, Z_i = Z and Zi = Z. To put it simpler, let us observe that, according to |GGUI 
Example 3], Zg is just the level-set of Iz in Z associated with value — e. The diffeomorphism $e comes 
just from the homotety by — e in Z. 

Let cr be a section of (e- The function A* cr on Z has the property 

XziXt<^) = -e. 

We conclude that the induced by Ae relation PY PZ^ is the symplectic reduction with respect 
to a coisotropic submanifold 

ife = {peT*Z:(p,Xz) = -e}. 

Thus the phase manifold PeZ for a particle with the charge e is the phase Jpundle for the special affine 
bundle Zg. Another way to see this is to use the decomposition T*Z = T*Z x m Z. The symplectic 
reduction in question is the reduction with respect to the moment map for the phase lift of the canonical 
R-action on Z, i.e. 

PeZ = {[a, J e t*Z : (a,„,Xz(z„)),„ - -e}. 

But {az^,Xz{zrn))z^ = —6 is equivalent to (q!z„ , — ■j^z(^m)}z„ — 1 that is a form of a definition 
of PZg. That the symplectic structure on PZ, defined originally as the pull-back from T*M when a 
section of Z is chosen, coincides with the one reduced from T*Z can be easily checked in the given 
trivialization. 

The isomorphism $e gives a one-to-one correspondence between sections of C and sections of 
for e ^ 0. It follows that a chosen section of ( provides a trivialization of Z and also of Zg. In such 
trivializations, a section cr of and the corresponding section $e o ct of are functions on M related 
by the formula 

$e o (T(m) = — e(T(m). 

The correspondence cr —> <I>e o cr of sections projects to a correspondence of affine covectors and 
consequently gives a correspondence of affine 1-forms. Let a be a section of PC : PZ — > M and ae be 
the corresponding section of P^e- In a given trivialization, the sections a and ae are 1-forms related 
by the formula ae — —ea. ^ ^ 

The lagrangian of a relativistic charged particle is a section Le of the bundle TC,a - TZg — > TM over 
the open set C ^ {v E TM: g{v, v) > 0} given by the formula 

Le{v) = {ae, v) + my/g(v~u), 

where g is the metric tensor on the space-time M, m is the mass of the particle, and {ae,v) = ae{v), 
where an element of PZg is interpreted as a linear section of T^e : TZg TM, i.e. as an element 
of LS(TZe). In this example lagrangians are sections of an AV-bundle. Hamiltonians are ordinary 
functions but not on a cotangent bundle but on the affine phase bundle PZg. 

Example 10. (cf. jUrlj ) The space of events for the inhomogenous formulation of time-dependent 
mechanics is the space-time M fibrated over the time R. First-jets of this fibration form the infinitesimal 
(dynamical) configuration space. Since there is the distinguished vector field dt on R, the first-jets 
of the fibration over time can be identified with those vectors tangent to M which project on dt- 
Such vectors form an affine subbundle A of the tangent bundle TM modelled on the bundle VM 
of vertical vectors. The Lagrange formalism in the affine formulation originates on the AV-bundle 

a 

Axl ^ A and the lagrangians are ordinary functions on A. The Hamilton formalism now takes place 
not on the dual vector bundle V*M of VM, as in the classical approach, but on the dual AV-bundle 
( : (AxT)'^ = — » V*M which can be recognized as ( : T*M ^ T*M/{dt) and which carries a 
canonical aff-Poisson structure induced from the canonical symplectic Poisson bracket on T*M (cf. 
Example 5). The hamiltonians are sections of this bundle. To compare with the standard approach, let 
us assume that we have a decomposition M = Q x R of the space-time into a product of space and time. 
This induces the decomposition T*M — T*Q x T*R. Sections cr of C can be identified with functions 
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(time-dependent hamiltonians) H = H{a,t) on V*Af = T*Q x M by (T^f(a,t) = {a,t, —H{a,t)dt). 
The dynamics induced by the section an is, as in Example 5, the projection of the dynamics on T*A1 
induced by Fcr„. The distinguished section of T*M is dt, so that the distinguished section in the 
AV-bundle C, is represented by ~dt. Thus, 

F^„(a,i,p) = H{a,t) + p, 

where {t,p) are the standard Darboux coordinates in T*M. The hamihonian vector field of F^^ on 
T*M is therefore + dt, where Xh^. is the hamiltonian vector field of Ht{x) = H{x,t) on T*Q, 
so we have recovered the correct dynamics. However, in our picture, the term dt is not added 'by 
hand' but it is generated from an by means of the aff-Poisson structure. Of course, if we have no 
decomposition into space and time, there is no canonical dt on M and nothing canonical can be added 
by hand in the standard approach. This problem disappears in the aff-Poisson formulation. In this 
example, hamiltonians are sections of an AV-bundle and lagrangians are ordinary functions however 
not on a vector but on an affinc bundle. 

Example 11. The last example is devoted to a hamiltonian formulation of dynamics of one massive 
particle in the Newtonian space-time (cf. [GUI IKo) ). Even in a fixed inertial frame, up to now, there 
was no satisfactory description of the dynamics in the hamiltonian formulation. First, we would like 
to present difficulties that appear while constructing the description for the dynamics in an inertial 
frame and then we will show the solution in the language of AV-geometry. 

Let N be the Newtonian space-time i.e. a four-dimensional affine space equipped with a covector r 
being an element of the dual of the model vector space V(iV) and an euclidean metrics g on the kernel 
of r. The covector t is used for measuring time intervals between events and the metrics measures 
spatial distance between simultaneous events. We will denote the kernel of r by Eq and the level-1 set 
of T hy El. The vector space Eq is of course a vector subspace of V(A'') and Ei is an affine subspace 
of V(iV) modelled on Eq. The elements of Ei are physical velocities of particles. On the other hand, 
every element of Ei represents a class of inertial observers moving in the space-time with the same 
constant velocity. Such class of observers will be called an inertial frame. The configuration space for 
one massive particle is N x Ei. Having an inertial frame u, we can identify the affine subspace Ei 
with its model vector space, the phase space is generally accepted to he N x Eq. The correct phase 
equations for the potential ip are: 

i^9-H^) + u, (41) 
p^^ds^ix), (42) 

where {x,p,x,p) is an element of T(A^ x Eq) that can be identified with N x Eq x \/{N) x Eq. The 
subscript in ds means that we differentiate only in the spatial directions, i.e. vertical with respect to 
the projection on time. 

The standard hamiltonian description is based on the fact that N x Eq is a. Poisson manifold with 
the Poisson structure being reduced from the canonical Poisson structure of T*iV ~ x \/(N)* . The 
problem is that from the hamiltonian 

hu{x,p) = ■^{p,g~'^{p)) + ifix) 
we obtain the vector field which is vertical with respect to the projection on time: 

p = -ds(p{x). 

Any vertical vector field cannot be a physical motion, so we have to add 'by hand' the constant vector 
field u. As in the previous example, this problem can be solved by replacing the Poisson structure on 
the phase manifold by an affine Poisson structure. However, the equations of motion as well as the 
affine Poisson structure depend on the choice of the reference frame. 

To get frame-independent formulation for the dynamics, let us consider first frame-dependent la- 
grangian It is a function defined on x 

771 

iu{x,v) = — {g{v ~u),v-u) ~ ip{x). 
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Let us look at the solution of this problem. If u and are two inertial frames then the difference 

fu,u'{v) =iu{x,v) -eu'{x,v) ^ m{g{u - u),v — ) 

is an afRne function on Ei . Now we define an equivalence relation in the set Ei x Ei x M. hy 

{u,v,r) r^iiu',v',r') ^^=^ v = v' , r ^ r' + fu.u' (v). 

The set of equivalence classes for will be denoted by Aq. We observe that since „/ is an affine 
function, Aq is an affine space of dimension 4. There is a projection from Aq to Ei. The model vector 
space for Aq is {Ei x Eq x / ^y^, where the equivalence relation is in a sense the linear part of 
^f. we say that two elements (u, w, r) and {u', w', r') oi EiX Eq xB. are equivalent if 

w — w' , r = r' + m{g{u — u'),w). 

In \/{Ao) we distinguish an element wq = [u,0, 1] so now Aq — {Ao,wq) is a special affine space and 
A = N X Aq is a special affine bundle over TV. The mapping 

(x, v) I — > {x, [u, V, £u{x, v)]) 

is a section of AV(A) and can be understood as frame-independent lagrangian. Note that it is no 
longer a function but a section of an AV-bundle. Any section of A can be represented in the form 

X I — > X{x) = [u,X{x),r{x)], 

where X is a vector field on N with values in Ei and r is a function on N. We define a bracket on 
sections of A by the following formula 

[X,Y] = [u, [X,Y],Xs-Yrl 

where X(x) = [u, X{x),r(x)] and Y{x) = [u,Y{x), s{x)]. The definition is correct. Indeed, if we have 
other representatives X{x) = [u' ,X{x),r{x) — (X(a;))] and Y{x) = \ul ,Y{x),s{x) — fu,u'{Y{x))], 
then, since fu,u' is affine, {£x(x)ifu.u' ° Y)){x) = o {£x(x)Y){x), where £x(x) is the direc- 

tional derivative in the direction X{x) and {fu.u')v is the vector part of /„,„'. Moreover, {£x{x)Y — 
£y{x)X){x) = [X,Y]{x), so that we get 

X{r - fu,u' o Y) - Y{.s - o X) = X{r) - y(s) - (/„,„0v o [X, Y], 

that proves the correctness of the definition. 

Having two vector fields X, Y with values in Ei we have 

- {dT){X, Y) - X(r, Y) - r (r, X) + (r, [X, Y]). 

Since X{t,Y) = Y{t,X) = we obtain that (t, [X,Y]) = 0, i.e. [X,Y] e Eq. The bracket of two 
sections of A is therefore a section of V(A) and it is easy to see that it is a Lie affgebroid bracket with 
the anchor morphism 7 : A — > TiV defined as 7([m,X, r]) = X. Moreover, the section wq is central 
for the bracket, i.e. [X, wo]v — for all X. Therefore, according to the Theorem|2Sl we have that the 
corresponding aff-Jacobi bracket on the AV-bundle AV(A*) is aff-Poisson. We claim that this structure 
is the correct structure for generating the equations of motion for the hamiltonian formulation of the 
dynamics in question. 

Indeed, A'^ is by definition AfF(A,I). Like in the lagrangian case, we will represent it as the set 
of cosets of an appropriate equivalence relation. In the space Ei x Eq x M. we define an equivalence 
relation '^/i by 

{u,p, s) {u' ,p' , s') p = p' + mg{u — u'), s = s' + {p,u — u') + -m{g{u — u'),u — u'). 

An equivalence class [u,p,s] represents an affine function S.[u.p.s] on Aq given by 

£,[u,p,s]{[u,v,r]) ^ {p,v-u) + s-r. 
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Its linear part {^[u.p.s])v{[u, w, r]) — {p,w) —r gives —1 while evaluated on wq. The model vector space 
for is \/{N)* with distinguished element t. We have: 

[u,p,s] +TT = [u,p + i{Tr),s + (7r,u)], 

where i is the canonical projection from \/{N)* on Eq. Let us denote by P the space of afhne momenta, 
i.e. the space Eq x Eq / r^p for the relation 

{u,p) r^P [u' ,p') ■i=> p = p' + mg{u - u'). 

We observe that AV(A#) is an AV-bundle over N x P. The frame-independent hamiltonian is a section 
of AV(A#): 

{x, [u,p]) I — > h{{x, [u,p]) = {x, [u,p, hu{x,p)]). 

Using the canonical aff-Poisson structure on AV(A'^) we can generate out of h an afhne derivation 
of AV(A'^), i.e. the section of T(AV(A#)). This section projects to a vector field on N x P that is 
understood as the equation of motion. 

Now, let us calculate the equations of motion in coordinates. For, we choose an inertial frame u 
and the coordinates i = 1,2,3 such that do = u. By [pi) we denote the adapted coordinates 

on Eq. Using the inertial frame we have the following identifications: 

Aq ~ Eix I, 

A ~ N xEixl, 

A* ~ N xE*xl, 

Sec(AV(A#)) ~ C°°{NxE^). 

The bracket of sections oi N x Ei xM., has the obvious form [(X, 0, [Y, -d)] = {[X, Y],Xd - Yi). If 
the sections take values in Ei then the bracket takes values in Eq. The affine function on N x Eq that 
corresponds to the section {X, ^) is 

^(X,£,){x,p) = (jp,X) 

The Poisson bracket for functions corresponding to sections (X, Oi (^i ^) given by the formula 

b(x,s,),HY,i))} = i[(x,o,{yM = (P' ^]) ~x-d + r^, 

which in coordinates reads 

b(x,0^HY,-9)} = P^X^^JY' -p,Y^djX'+p,doY' ~p,doX' ~ X'd.d ~ do-d + Y'd,i + dot 

From the above formula we obtain that 

{h, •} = {d'h)dj +do~ {djh)d^ - doh. 

The vector part of the above operator is exactly what we had in H41(l and 14211 . In this example both, 
hamiltonians and lagrangians are sections of AV-bundles and not ordinary functions. 
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